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ABSTRACT. In this paper, we give distance-{ colorings of the hypercube using nonlinear
binary codes which are images of codes which exhibit linear structure over more general
rings; specifically, we employ images of Z,Z4-additive codes. This is an extension of the work
of Fu, Ling, and Xing (Discrete Appl. Math. 161 (2013)) where the authors demonstrate
that distance-¢ colorings may be obtained from nonlinear codes which are binary images of
codes that have a linear structure over Z,.

1. INTRODUCTION

In this paper, we give distance-¢ colorings of the hypercube using nonlinear binary codes
which are images of codes which exhibit linear structure over more general rings; specifically,
we employ images of ZyZ4-additive codes. A distance-£ coloring of a graph is a coloring of the
vertices so that any two vertices at distance ¢ or less from one another receive different colors.
These colorings were introduced in the context of the scalability of optical networks [14] and
have been considered by many researchers (see, for instance, [11, 12, 13]|). Binary linear
codes are a standard tool to provide a distance-¢ coloring of an n-dimensional hypercube, as
the vertices of this graph are labeled with binary words of length n ([15, 16]). Although a
nonlinear binary code may have better parameters than comparable binary ones (for instance,
those length and same minimum distance can have many more codewords), nonlinear codes
lack the structure that lends itself so nicely to the hypercube coloring problem. Recently,
Fu et. al. [6] demonstrated that distance-¢ colorings may be obtained from nonlinear codes
which are binary images of codes that have a linear structure over Z,. In this paper, we
consider extensions of their work.

This paper is organized as follows. Section 2 contains background information on distance-
¢ colorings, in particular those coming from binary linear codes. Section 3 details colorings
from codes which are nonlinear as binary codes but are images of subgroups of Zg§ x Zf and
provides examples illustrating our results. Closing comments are found in Section 4.

2. PRELIMINARIES

A binary code C' of length n is a subset of Fy, where Fy := {0, 1} is the finite field with two
elements. Elements of C' are called codewords. The Hamming distance between w, w" € FY is
d(w,w') :=|{i:w; # w.}|. Note that d (w, w") = wt(w—w'), the weight of the word w —w’,
meaning its number of nonzero entries. The quality of a code C' is often measured by ratios
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of the following parameters: n, the length of the code C; M := |C|, the size of the code
C; and d := min{d(c,d) : ¢, € C,c # '}, the minimum distance of C'. For instance, one
might wish to fix the length and cardinality (meaning the rate 2Mn) and attempt to maximize
the minimum distance; alternatively, one might fix the length and minimum distance and
attempt to maximize the cardinality of the code. A code C' with these parameters is called
an (n, M,d) code. A binary code C' of length n is linear if and only if C' is a subspace of F3.

Binary linear codes provide a known construction for a distance-¢ colorings of hypercubes.
A distance-¢ coloring of a graph G with L colors is a labelling f : V(G) — {1,..., L} of the
vertex set V(@) such that

f(u) # f(v) if d(u,v) <L,

where d(u,v) < ¢ means that there is a path with at most ¢ edges containing vertices u and
v. The distance-¢ chromatic number of G is

Xe(G) := min {L : 3 distance-¢ coloring of G with L colors} .

In this note, we restrict our attention to distance-¢ colorings of hypercubes. Such colorings
are considered in [11, 12, 13, 17, 18]. The n-dimensional hypercube H,, has V(H,,) = F} as
its set of vertices and edge set

E(H,) ={uv:u,v € F},d(u,v) =1}.

As is standard, we set
Xe(n) := xe(Hn),
the distance-¢ chromatic number of the n-dimensional hypercube H,.

Let C C F% be a binary linear (n, 2%, d) code. Consider the set of cosets of C' in Fj,
F3 /o= {u+ C :u € Fp}, and label its elements C1, . .., Cyn—r. Notice that if u+c,u+c €
u+ C, then

dlu+c,u+d)=wtlu+c— (u+c)) =wt(c—) >d,
because C' is a linear code and ¢, ¢ € C. Define a coloring of the vertices of the hypercube
H, by f:V(H,) — {1,...,2"*} where

f(v) =i if and only if v € C;.
Then f is a distance-(d — 1) coloring of H,, with 2% colors. Hence,

(1) Yao1(n) < 27°F.

This demonstrates how one may use an (n, 2%, d) binary linear code to define a distance-(d—1)
coloring of the hypercube H,,.

Furthermore, given a distance-¢ coloring f of the hypercube H, with L colors and i €
f(V(H,) = {1,...,L}, notice that C; := {v € F} : f(v) =i} is a code of length n and
minimum distance ¢ — 1. In this way, we can see that a distance-¢ coloring of the hypercube
H,, gives rise to a partition F} = C; U --- U Cf where each C; is a code of length n and
minimum distance at least £ —1. More on the connection between binary codes and colorings
of hypercubes may be found in [13] where it is stated that the distance-¢ chromatic number
of the hypercube H,, is the “smallest number of binary codes with minimum distance ¢ 4 1
that form a partition” of F3.
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A number of bounds on the distance-¢ chromatic number have been specified, beginning
with the works of [11, 12, 17]. These bounds are generalized and improved in [12, Theorem
1] to obtain

(2) t (”) LlE 8D Gy cotemmen)n
if ¢ is even and

5 2(2 (nfl) L) (e - L”;i;w) < o (n) < 2lom T (0772

o\ k=

if / is odd, where t := ng

3. NONLINEAR CODES AND COLORINGS

It has long been known that nonlinear codes can have better parameters than their compa-
rable linear counterparts, meaning it is possible for a nonlinear code to have more codewords
than any linear code of the same length and minimum distance. The most famous example is
the Nordstrom-Robinson code which is a member of a family of nonlinear (271,227 ~27-2 ¢)
binary codes, where r > 3 is odd. In [6], the authors exploit the Z4-linearity of these codes to
give colorings of the hypercube. In this section, we generalize their construction and obtain
further examples of distance-¢ colorings of the hypercube from nonlinear binary codes which
are images of ZyZ4-additive codes.

We begin by detailing a distance-¢ coloring using a Z,Z,-linear code. References on ZsZ,4-
linear codes include [2, 3]. Here, Zy refers to the finite field Fy whereas Z, = {0,1,2,3}
denotes the ring of integers modulo 4. We consider Z, equipped with the Lee weight, which
is given by wt;(0) = 0, wtr(l) = 1, wtr(2) = 2, wtr(3) = 1. Recall that the Gray map
¢ : Ly — 73 is given by

0 — 00
1 — 01
2 — 11
3 — 10

and extends to an isometry (Z%,d;) — (Z3",d) where d denotes the Hamming distance and
dr(w,w") =>""  wtp(w; —w}) for w,w' € Zj.
Let C be a subgroup of Z§ x Zf , where o and (8 are non-negative integers. Define
D : 73 x 77 — VA
(:)317 ooy Loy Y1, - ,yﬁ) = (xh v ’xa7¢(y1)7 o v¢(y5))
where n = a + 20 and ¢ denotes the Gray map as above. The Lee distance between
w,w' € Zg x Zf is defined as

a+

dp (w,w') = Zwt(wi —w;) + Z wt,(w; — w}).
i=1

i=a+1
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Clearly, ¢ gives an isometry (Zg‘ x 72 dL> — (Z3,d). As a result, ®(C) is a binary code of
length n, minimum distance d, and |®(C)| = |C|. One may note that the minimum distance
of ®(C) is equal to that of C, which is defined as min {d.(c,c) : ¢, € C,c # '}.
Definition. A binary code C of length n is ZyZ4-linear if C' = ®(C) for some subgroup C of
7g % Zf where n = a + 2. In this case, we say that C is a ZyZ,4-additive code.

Notice that if C is a ZyZ4-additive code, then C = ZJ x Zj for some non-negative integers
v and §. The code ®(C) is then called a ZsZ,-linear code of type («, 5;7,0).

The next result demonstrates that Z,Z4-linear codes may be used to provide distance-¢
colorings of the hypercube.

Theorem 3.1. If C is a ZyZy4-linear code of type (a, 5;7,9) and minimum distance d, then
Xd—l(n> < 21’1—(’74—25)
where n = o + 203.

Proof. Let C be a ZyZy-linear code C of type (o, 5;7,d) and minimum distance d. Then
there exists a Z,Z4-additive code C such that C' = ®(C). Since C = ZJ x Z3, |C| = 27%.

Consider the coset space Z3 X zZ; /c, which has cardinality 525 = 2"~ 0729 Label the

cosets of C in Z§ x Zf as C1,...,Ch_y_25, meaning
B
Zg X Z4 /C = {017 e -anf’nyé}-
Because {C}, ..., Ch__2s} is a partition of Z§ x Z5 and ® : Z x Z§ — 7 is an isometry,

V(H,) = U (C));
that is, the images of the cosets partition the set of vertices of the hypercube. Define a

coloring of the vertices of the hypercube H,, by

fo V(H,) — {1,...,2n=0+29)1
v — 1, where v € ®(C}).

We claim that f is a distance-(d —1) coloring of H,,. To see this, suppose f(v) = f(v'). Then
v, 0 € ®(C;) for some i, 1 < i < 272 Hence, there exists u € Z x Z? and ¢,¢ € C so
that v = ®(u + ¢) and v/ = ®(u + ). It follows that

d(v, o) =du+cu+d)=wt((u+c)— (u+c)) =wt,(c—) = d.
Then f is a distance-(d — 1) coloring of H,, with 2"~(+29) colors. Hence,
XdL—l(n) < 2n—('y+2§)‘
0

In the case that o = 0, one may consider C' as a Zy-linear code. Then, via Theorem 3.1,
we recover a key result of Fu et. al. as a corollary.

Corollary 3.2. [6, Theorem 4] If there exists a Zy-linear code C' with parameters (2n, 2%, d),
then C' gives rise to a distance-(d — 1) coloring of Ha, and

Xa-1(2n) < 227K,
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Applying Corollary 3.2 to the (27,227 =22 ) Preparata code over Z4 with r > 3 gives
X5(2’r‘+1) < 221”-"-2'

In [6], they go on to show
X5(27‘+1) — 227‘4’2.

Recently, Kiermaier and Zwanzger constructed a family of Z,-linear codes, called Te-
ichmiiller codes some of which have greater minimum distance than any linear code of equal
length and cardinality. In particular, using Hjelmslev geometries and geometric dualization,
they find Zg-linear codes C, with parameters (22r+1 — 2+l 273" 92142 92r _9r) for all odd
r > 3 [9, Theorem 5|. For r = 3,5, C, has greater minimum distance than any linear code
of equal length and cardinality. In the next result, we use the codes C, to find distance-/

colorings of certain hypercubes for particular values of [.

r—1
2

Theorem 3.3. For all odd r > 3 and n = 22"t — 271 4+ 2
Xo22r_or_1 (n) § 277,721"72.

Proof. This follows immediately from Theorem 3.1 using the Z,-linear codes C, mentioned
above. U

In the next example, we consider the first code in the family discovered by Kiermaier and
Zwanzger, meaning C,. with r = 3.

Ezample 1. The code Cj is a nonlinear binary (114,28 56) code. Applying Theorem 3.3, we
see that
xs5(114) < 2109,

As a basis for comparison, consider that (3) gives
2.46 x 10%° < y55(114) < 22 < 5.19 x 10%.

Thus, Theorem 3.3 offers an improvement to the upper bound on xs55(114); one may note
that 219 ~ 8.113 x 103'.

Ezample 2. In [10], a geometric construction based on a hyperoval in the projective Hjelmslev
plane over Z, yields a nonlinear binary (58,27, 28) code, which has greater minimum distance
than any binary linear code of the same length with the same number of codewords [9].
Applying Theorem 3.1, we see
Xar(58) < 271,
whereas (3) gives
9126620 . (58) < 2%,

Similar examples can be found to give
X27(60) < 2°2
which might be compared with
2434 < 00 (60) < 27

as given by (3).
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Nonlinear binary codes with parameters better than comparable binary linear codes are
not limited to those found in [8, 9, 10]. In the next example, we utilize one which was
originally found computationally.

Example 3. In this example, we consider a distance-11 coloring of the 64-dimensional hyper-
cube Hgy. Calderbank and McGuire found a Zgs-linear code C' with parameters (64,237, 12)
[4]; the best known linear code of length 64 and dimension 37 has minimum distance 10 [7].
Applying Theorem 3.1, we see that

X11 (64) g 227.

As in the previous examples, we compare this with the bounds in [12, Theorem 1] which give
2 x 107 < x11(64) < 2%.

Remark 3.4. The code C' in Example 3 is part of an infinite family of binary codes of lengths
2+ with 227 =52 codewords, where m is odd [5]. For m # 5, the minumum distance of
each code in this family equal to 8. Applying Theorem 3.1, we obtain

X7 (2mF1) < 252,
However, this bound is not so effective as [15, Theorem 15] gives
X7 (2m+1) < 23m+2.

Each of the examples above utilizes a code which is Zy-linear, meaning that it is ZyZ4-
linear of type (0, 3;0,4). In the following example, we apply codes which are ZyZ4-linear of
type («, 8;7,9) with a,v > 0.

Ezample 4. In [1], ZyZ4-cyclic codes are considered. A number of such codes are described
explicitly, including those of type (7,7;6,0) and minimum distance 8, type (7,7;3,1) and
minimum distance 10, and (7, 7;3,0) and minimum distance 12. Each of these codes provides
a coloring of the hypercube Hs;. Applying Theorem 3.1, we see that

X7(21) < 2157

X9(21) < 2167
and
x11(21) < 2™

whereas the upper bounds given by (3) are 216, 218 and 2%°, respectively. Additional exam-
ples may be found by applying the codes given in [1]. Perhaps the most interesting is the
ZsZy-linear code of type (31,31;5,1) and minimum distance 46 which allows us to conclude

x45(93) < 2%

as compared with the upper bound of 29! given by (3). It is worth noting that while these
codes are ZyZ4-linear, they are also binary linear codes. Hence, the bounds on the distance-¢
chromatic number found in this example may also be obtained directly from (1).
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4. CONCLUSION

In this paper, we consider colorings of the hypercube using nonlinear binary codes which
are images of Z,Z4-additive codes. These give bounds on the distance-¢ chromatic number
of the n-dimensional hypercube for certain values of ¢ and n. Examples using particular
codes, especially those from Z,-linear codes where nonlinear binary images which have better
parameters than any binary linear code, are provided. While the results presented here are
somewhat modest in scope, they lay the groundwork for further improvements as the study
of Zs7Z4-linear codes matures.
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