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ABSTRACT. We consider the quotient of the Hermitian curve defined by the

equation y? +y = z™ over F2 where m > 2 is a divisor of ¢ + 1. For

2 <r < g+ 1, we determine the Weierstrass semigroup of any r-tuple of F2-
rational points (Poo, Poby,- -, Pop,.) on this curve. Using these semigroups,
we construct algebraic geometry codes with minimum distance exceeding the
designed distance. In addition, we prove that there are r-point codes, that is
codes of the form Cq (D, a1 Poo + a2 Pop, +- - - +ar Pop,.) where 7 > 2, with bet-
ter parameters than any comparable one-point code on the same curve. Some
of these codes have better parameters than comparable one-point Hermitian
codes over the same field. All of our results apply to the Hermitian curve itself
which is obtained taking m = ¢ + 1 in the above equation.

1. INTRODUCTION

Algebraic geometry codes, as defined by Goppa in [6], [7], are linear codes formed
using two divisors G and D on a curve. Typically, the divisor G is taken to be a
multiple of a single point P and the code is called a one-point code. The parameters
of such codes are closely related to the Weierstrass semigroup of the point P [4].
It has been shown that one may obtain codes with better parameters by allowing
the divisor G to be more general (see [14], [9], [3], [18]). In particular, if G is
a divisor supported by 7 points, then one can use the Weierstrass semigroup of
the r-tuple of these points to estimate the parameters of the associated r-point
code. While the Weierstrass semigroup of an r-tuple of points is a generalization of
the classically studied Weierstrass semigroup of a point, very little is known about
this set if » > 2 (see [11], [8], [2]). The only families of curves over a finite field
for which the Weierstrass semigroup of even a pair of points has been determined
are the families of hyperelliptic and plane quartic curves [11], Hermitian [14], and
Suzuki curves [13]. In this work, we provide techniques for determining Weierstrass
semigroups of r-tuples of distinct points on an arbitrary curve by expounding on the
work of Carvalho and Torres [3]. To illustrate these techniques, we determine the
Weierstrass semigroup of certain r-tuples of points on a quotient of the Hermitian
curve for 2 < r < g+ 1. This is a generalization of the main result of [15] where

Key words and phrases. Weierstrass semigroup, Weierstrass gap, algebraic geometry code,
Hermitian curve.
This project was supported by NSF grant DMS-0201286.

1



2 GRETCHEN L. MATTHEWS

the Weierstrass semigroup of an r-tuple of collinear points on a Hermitian curve is
described.

In this paper, we consider the curve X over F . defined by y? + y = =™ where
m > 2 is a divisor of ¢+ 1. This curve was originally studied by F. K. Schmidt [16]
as the first known example of a non-classical curve. In [5], it is shown that X is
a maximal curve meaning that the number of [Fj»-rational points on X is equal to
the Weil upper bound. Hence, it is natural to use this curve to construct algebraic
geometry codes. Another motivation for the study of this curve and associated
codes is that if one takes m = ¢+ 1, the much-studied Hermitian curve is obtained.

This paper is organized as follows. Section 2 contains basic facts about the curve
we will study as well as notation to be used throughout this paper. In Section 3,
we describe the minimal generating set of a Weierstrass semigroup of an r-tuple
of points on an arbitrary curve. As an application, we determine the Weierstrass
semigroup of any r-tuple of points of the form (P, Pop,, - - -, Pos,) on the quotient
of the Hermitian curve defined by y9 +y = 2™ over Fg2, where 2 <r < ¢+ 1. This
semigroup is utilized in Section 4 where we construct algebraic geometry codes
supported by the r points P, Pop,, ..., P, and compare them with one-point
codes from the same curve. This section also contains results on using the semigroup
of an r-tuple of points to better estimate the minimum distance of codes supported
by r points and comparisons of codes constructed using a quotient of the Hermitian
curve with Hermitian codes over the same field.

2. NOTATION AND PRELIMINARIES

In this section, we introduce notation to be used throughout this work. Then
some facts from [5] concerning a quotient of the Hermitian curve are reviewed.

Let X be a projective curve of genus g over a finite field F. Let F(X) denote the
field of rational functions on X defined over F. The divisor of a rational function
f (resp. differential 1) will be denoted by (f) (resp. (n)). The divisor of poles
of f will be denoted by (f)s. Given a divisor A on X defined over F, let L£(A)
denote the set of rational functions f on X defined over F with divisor (f) > —A
together with the zero function and Q(A) denote the set of rational differentials 7
on X defined over F with divisor (1) > A together with the zero differential. Let
£(A) denote the dimension of £(A) as an F-vector space. Two divisors Dy and Do
are said to be linearly equivalent, denoted Dy ~ Da, if D1 — Dy = (f) for some
rational function f.

Algebraic geometry codes Cr(D,G) and Cq(D,G) can be constructed using
divisors D = Y"1, Q; and G =Y.', oy P; on X where Q1,...,Qn, P1,..., P, are
pairwise distinct F-rational points and a; € N for all ¢, 1 <4 < r. In particular,

Ce(D,G) =A{(f(Qu),-.-. f(Qn)) : f € L(G)}
and
Ca(D, Q) := {(resq,(n),...,resq, (n) :n € QUG — D)}.

We will refer to these codes as r-point codes since the divisor G has r distinct F-
rational points in its support. Typically, an r-point code is constructed by taking
the divisor D to be the sum of all F-rational points not in the support of G, and
we will keep this convention. If deg G < n, then C(D,G) has length n, dimension
¢(@), and designed distance n — deg G. If deg G > 2g — 2, then Cq(D,G) has
dimension (K + D — G), where K is a canonical divisor, and designed distance



SEMIGROUPS AND CODES FROM A QUOTIENT OF THE HERMITIAN CURVE 3

deg G — (29 — 2). The minimum distance of each of the codes Cr(D,G) and
Cq(D,@G) is at least its designed distance. A code of length n, dimension k, and
minimum distance d (resp. at least d) is called an [n, k, d] (resp. [n,k,> d]) code.

We now focus our attention on the curve X defined by y? +y = z™ over Fp
where ¢ is a prime power, m is a divisor of ¢ + 1, and m > 2. In all that follows,

we let ¢ denote the quotient ¢ := qmil and we set [ := min{m, ¢}. It can be shown

that the genus of X is g := %2(4_1). Since F, = Fge \ {0} is cyclic, there
is a unique subgroup H of IF;Q of order m(q — 1). The F2-rational points on X
are P,y := (a : b : 1), where a,b € F,2 satisfy b7 + b = o™, and a single point at
infinity, denoted Ps.. In fact, for each a € H U {0}, there are exactly ¢ F,2-rational
points P, on X. This together with the Weil bound shows that X has exactly
qg(m(q — 1) + 1) + 1 F2-rational points. One may notice that P = (0 : 1 : 0) if
m=q+1,and P = (1:0:0) if m # g+ 1.

3. THE MINIMAL GENERATING SET OF A WEIERSTRASS SEMIGROUP

In this section, we consider Weierstrass semigroups of r-tuples of points. We
begin by discussing the notion of the minimal generating set of a Weierstrass semi-
group of an r-tuple of points on an arbitrary curve X. Then we restrict our at-
tention to the quotient of the Hermitian curve described in Section 2 and deter-
mine the minimal generating set for any r-tuple of I >-rational points of the form
(Poos Pobys - -+, Pob,.) where 2 <r < g+ 1.

Let X be a curve over F of genus g > 1. Given r distinct F-rational points
Py, ..., P. on the curve X, the Weierstrass semigroup H(Py,..., P.) of the r-tuple
(Py,...,P.) is defined by

H(Plv"'7PT): {(ala"'aaT) GNSEle]F(X> with (f)oc _Zaipi}7
i=1

and the Weierstrass gap set G(Py, ..., P.) of the r-tuple (P, ..., P.) is defined by
G(Py,...,P.)=Nj\ H(Py,...P,),

where Ny := N U {0} denotes the set of nonnegative integers. When the context
is clear, we may write H, := H(Py,...,P.) and G, := G(Py,..., P.) even though
both of these sets depend on the points Pi,...,P.. If m = 1, the Weierstrass
gap set is the classically studied gap sequence and | G(P;) |= g, the genus of
X. In general, if r > 2, then | G(P,...,P,) | depends on the choice of points
Py, ..., P. [1]. However, as we shall see, any r-tuple of distinct points of the form
(Pso, Poby, - - - » Pob,) on the quotient of the Hermitian curve with defining equation
y?+y = 2™ has the same Weierstrass gap set. Moreover, a minimal generating set
for the Weierstrass semigroup H(Pso, Pob,, - - -, Pop,) is given. Before we do this,
let us review some results on computing Weierstrass semigroups and set up some
notation strongly inspired by [3].

Define a partial order < on Nj by (n1,...,n,) < (p1,...,pr) if and only if n; < p;
for all 4, 1 <4 < r. When comparing elements of N, we will always do so with
respect to the partial order <. Given v := (v1,...,v,) € Z", let

Vo= (viy,...,v) €N

where i < --- <4; and v; > 0 if and only if i = ¢; for some 1 < j <; that is, Vv is
the vector formed from v by deleting each coordinate of v containing a negative or
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zero entry. Given uy,...,u; € N, define the least upper bound of uy,...,u by
lub{uy,...,wm} = (max{u1,,...,u, },...,max{uq,,...,u}) € Nj.

We will see that Weierstrass semigroups are generated by taking least upper bounds
of elements in certain sets. These sets can be defined in the following manner. Let

D(Py):= H(Py). For 2 <r < g+ 1, define

(P,...,P) = {neNr: n is minimal in {p € H, : p; = n;} }

for some i,1 <i<r
For 1 <r <q+1, set

n=— (nil,...,mk) 6F(Pi17...,Pik>

L(Py, - By = {HENO: forsomel <k<randl<i <---<ip<r }

If the context is clear, we may write T, := T'(P,...,P,) and I, := '(Py,..., P,.).

Lemma 3.1. [15, Proposition 3] Let Py,..., P, be distinct F-rational points on a
curve X. Then

fT:{neNT:nisminimalin {peH, :pi=mn;}foralil<i<r}.

The following result describes how the set I', generates the entire Weierstrass
semigroup H(Py,..., H;.).

Theorem 3.2. [15, Theorem 7] Let Pi,..., P, be distinct F-rational points on a
curve X. If 1 < r < |F|, then

H(Py,...,P.)={lub{uy,...,u,} €Ny :uy,...,u, €T, }.

We will refer to I, as the minimal generating set of the Weierstrass semigroup
H(Py,...,P.). According to Theorem 3.2, to determine H(Pi,...,P,), we only
need to determine f(Hl, Py ) foralll <i; <---<ip <rand1l<Fk<r. This
is precisely what we will do for certain r-tuples of IF 2-rational points on the curve
X defined by y? 4+ y = ™ where m is a divisor of ¢ + 1 and m > 2.

Let P1 = POO,PQ = P0b2,P3 == PObgy---an+1 = PObq+1 be q—|— 1 distinct qu—
rational points on the curve X. Let a € H U {0} and b € F,2. To compute the
Weierstrass semigroups, we will make use of the following principal divisors of X [5]:

(x—a) = Zbequ Pay — 4P
b9 +b=a™
mPy, — mPs ifb2+b=0
(y—b) = Y. acE, Py —mPs  if b2+ b= a™ where a € H.
q
b9 4+ b=a™

Using these functions together with the fact that |G(P)| = W, one can
obtain the following result.

Proposition 3.3. [5, Theorem 3] The Weierstrass semigroup of any F2-rational
point Pop or Py, on the curve defined by y? +y = ™ where m > 2 is a divisor of
q+1is H(Pp) = H(Px) = (m, q).

According to the above proposition, the [Fg:-rational points P, and Py, on X
have the same gap set N\ (m, ¢). Since (m, ¢) is a symmetric semigroup with largest
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gap mq — m — ¢, a positive integer & < mgq — m — ¢ is not an element of (m, q) if
and only if mq —m — g — a € (m, ¢). Using this fact, we see that

- I P - -

6(Pw) = 6P = {t=gm+5: LIS )
where | = min{m,q}. We will now describe a convenient way to organize the
elements of this gap set. Recall that ¢ = %1. Write the integers 1,2,...,l—1in a
row. For each 1 < j <[—1, form a column, Column j, with first entry j by adding
multiples of m to j: j, j+m, j+2m, ...,j+ (¢ —1— jc)m. This gives

1 2 j . -1
m+ 1 m + 2 m+j m+ (1 —1)

(@=1—(—1De)m+1—1

. (@ —1—je)ym+j
. (q—1—2c)m +2
(@a—1—c)ym+1
Assign labels 1,...,g — 1 — ¢ to the diagonals running from the bottom left to
upper right (i.e., those running in the direction of ') starting at the upper left
corner. In doing this, we allow blank entries along these diagonals. Notice that if
a=@t—jm+jwithl<j<l—land1<j<t<g—1-—j(c—1), then ais
on the t*" diagonal and in the j** column of the above diagram. Also note that if
m = g + 1 then this diagram is the familiar “triangle of gaps” of any Fz-rational
point of the Hermitian curve over Fg. It is worth pointing out that if m # ¢ +1
then not all F2-rational points on X have the same gap set. Hence, it is necessary
to restrict ourselves to the F »-rational points P, and Py, where b% + b = 0.

The next result describes the minimal generating set for the Weierstrass semi-
group of the pair (P, Pop) of Fge-rational points on X. Although the case b = 0
is the content of [11, Lemma 5.2], we include a proof here for any b € F 2 such
that b9 +b = 0. As a special case of this result, we obtain [14, Theorem 3.4] where
the Weierstrass semigroup of a pair of [F 2-rational points on the Hermitian curve
is determined.

Proposition 3.4. Let P = P, and P> = Py, be Fy2-rational points on the curve
y? 4+ y =x™ where m > 2 is a divisor of ¢+ 1. Then

Lo=q((ti—d)m+j,(ta—jim+j): j<tita<qg—1-—jlc—1),

ti+ta=(m—jle+2(j—1)
Therefore, H(Py, Py) is generated by
Ty x U ((m,q) x {0}) U ({0} x (m,q)).

Proof. U1 <j<Ii—1,j<ty,to <qg—1—j(c—1),and t;1+t2 = (m—j)c+2(j—1),
then

I . : . :
(W) = ((t1 —=)m+ )P + (t2 —J)m + j) Pa.
Therefore,
((t1 —g)ym+j,(ta —j)m+j) € H(Py, Py).
To see that this gives I's as claimed, let
¢ . G(P]_)

—
o —

G(Pz)
B



6 GRETCHEN L. MATTHEWS

where (o, 3) € T'y. Then ¢ defines a one-to-one correspondence [11]. Fix 1 <
j <1—1 and start with a = (¢ — 1 — jc)m + j, the last entry in the j** column
of the diagram above. We have that ((¢ — 1 — je)m + j,j) € H(Py, Py) for 1 <
j <1—1. Hence, ((g—1—jeym+j,j) € Ty for 1 < j < 1 —1. Now consider
a = (¢g—1—jc—1)m+ j, the next to the last entry in the 5" column. Then
((g—1—je—1)ym+j,m+j) € H(P,P;) and so ((¢g—1—jc—1)m+j,m+j) € Ty
for 1 < j <1—1. In general, if a is the k" from the last entry in its particular
column, then o = (¢ — 1 — je — k)m + j and we obtain that

(g —1—jc—k)ym+j,km+j) € Ta.

Considering this for increasing k, 0 < k < ¢ — 1 — jc, and using the one-to-one
correspondence above gives I's as claimed. O

Finding the Weierstrass semigroup of the pair (Py, Ppy) as in Proposition 3.4
lays a foundation for determining the Weierstrass semigroup of r-tuples of the form
(Poos Pobyy - - - » Pob, ). Tt is interesting to note that each pair in s has coordinates
that come from the same column in the diagram of gaps at the points P; and
P,. While this is not necessarily the case for an arbitrary curve, we do have the
following general result.

Lemma 3.5. [15, Lemma~4] If Py,..., P, are distinct F-rational points on a curve
X and 2 <r <|F |, thenT'(Py,...,P.) CG(Py) x -+ x G(P,).

It is convenient to have a compact notation to describe the elements of the
minimal generating set of the Weierstrass semigroup H(Paso, Popys - - -5 Pob,.)-

Definition 3.6. Given 1 <r <q+1,t = (t1,...,t.) € N", and j € N such that
1<j<l—-1landj<t; <qg—1—j(c—1) forall1 <i<r, define
Ve = (= J)m+J, (b2 = j)m +4,..., (& — j)m +j) € N".

We emphasize that the notation - ; will only be used to describe vectors as
defined above where 1 < j<l—1land j<t;<g—1—j(c—1)foralll<i<r.
Then

Vi, € G(P1) x G(P2) x -+ x G(P,).
We next show that certain v, ; form the minimal generating set of the Weierstrass
semigroup H (P, Pop,, - - ., Pop,) for any 2 <r < g+ 1.
Theorem 3.7. Let P1 = POO,PQ = P0527P3 = P0b37~ . .,Pq+1 = PObq+] be q+ 1
distinct IF 2 -rational points on the curve X defined by y? +y = =™ where m > 2 is
a divisor of q+ 1. For2<r<gqg+1-—c¢,

r, = {vm— ENT:Y b= (m—jle+r(j— 1)} :
i=1
and forq+1—c<r<q+1, B
. =0.
In particular, the Weierstrass semigroup H(Pi, ..., P,) is generated by
{neNgzﬁ:'ytJef‘k forsomelgkgr}.
Hence, the Weierstrass semigroup H(Py,...,P.) is

H(Py,...,P,) = {lub{ul,...,ur}:ﬁi €Th, 1<k §r}.
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The proof of Theorem 3.7 is rather technical and so is included in Appendix A.
It is interesting to note that each element of I',. has all entries coming from the
same column in the gap diagram. To illustrate this, we include an example.

Example 3.8. Let X denote the curve of genus 7 over Fgy defined by y® +y = 23
and let

(P1, Pa,...,Py) = (Pso, Poby,- -, Povy)
be a 9-tuple of distinct Fgy-rational points on X. Then

H(P)=---=H(Py) = (3,8)
and the Weierstrass gap set of P;, 1 <i <9, is
1 2
4 5
7
10
13.

By Proposition 3.4,
(1,13),  (2,5),
~ (4,10), (5,2),
I'; = (7,7,
(10,4),
(13,1)
To generate the Weierstrass semigroup of the pair (P;, P»), one only needs to take

least upper bounds of all pairs in the set

Iy =T U ({0} x (3,8)) U((3,8) x {0}).

Applying Theorem 3.7, one can obtain that

It — (1,1710),(1,4, 7) (1 7, 4 (1 10 ,1),(2,2,2),(4,177),

3 _{ (4,4,4),(4,7,1),(7,1,4), (7, ,1),(10,1,1) }
L LT (L1 4,4), (1,17, 1), (14,1, 4), (14,4, 1),

Fi{( LT L) (411 4), (41,41, (4,4, 11), (7.1, 1,1) }

Iy ={(1,1,1,1,4),(1,1,1,4,1),(1,1,4,1,1),(1,4,1,1,1), (4,1, 1,1,1)},
and
g ={(1,1,1,1,1,1)}.
Notice also that I'T =Ty =T = 0. This means that for 7 <r <9,

I, ={neNy:aeul I'f}.

4. WEIERSTRASS SEMIGROUPS AND 7-POINT CODES

In this section, we demonstrate how the semigroup found in Section 3 may be
used to construct algebraic geometry codes supported by r points. We will compare
these r-point codes with one-point codes from the same curve and with one-point
Hermitian codes over the same field. To aid in estimating the parameters of r-point
codes, we will use the following generalization of [14, Theorem 2.1]. Note that this
result applies to an arbitrary curve. As usual, ¢ = (0,...,0,1,0,...,0) denotes
the unit vector with 1 in the i*” coordinate and 0 in all others.
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Theorem 4.1. Let o, 3 € Nj and let G =);_(a; + 5; — 1)P; be a divisor on X
supported by r distinct F-rational points. Assume that oy > 1,

{ueNg:ul:alauja}gG(Pla"'7PT)7

and

{ﬂ—a—l—i—el €Nj:aeNja=0,) a; < 2g—1—za,} CG(P,...,P).
i=2 i=1

Set D := Q1+ -+Q,, where Q1,...,Q, are distinct F-rational points and no Q; is

in the support of G. If the r-point code Cq(D, Q) is nontrivial, then the minimum

distance of this code is at least deg G — (29 — 2) + 1.

We omit the proof of Theorem 4.1 as it is very similar to that of [14, Theorem
2.1]. While the previous result holds for an arbitrary curve, the next result applies
only to the quotient of the Hermitian curve X defined by y?+vy = 2™ where m > 2
is a divisor of ¢ + 1. Here, if one takes m = ¢ + 1, then a generalization of [14,
Theorem 4.1] is obtained.

Theorem 4.2. Let P, = Py, P, = P()bz,P;g = PObS,...,Pqul = PObq+1 be g+ 1

distinct IF 2 -rational points on the curve X defined by y? 4y = ™ where m > 2 is

a divisor of ¢+ 1. Let 2 <r <qg+1 and o, 3 € Nj. Assume that a; > 1,
{ueNj:u; =a,uxa} CGP,...,P),

and

Bﬂa—al—::il,e acNLa =01<k<r
- - 1 ks

r <29—1-S"7 .
B—a—1+(m+1)e; im0 29— 1=
Set D := Q1+ -+Qy, where Q1,...,Q, are distinct F-rational points and no Q; is

in the support of G. If the r-point code Cq(D,G) is nontrivial, then the minimum
distance of this code is at least deg G — (29 — 2) + 2.

CG(P,...,P).

Proof. By Theorem 4.1, the minimum distance of Cq (D, G) is at least deg G—2g+3.
Put w = deg G — 2g + 3. If there exists a codeword of weight w, then there exists
a differential n € Q(G — D) with exactly w simple poles Q1, ..., Q.. We have that
M) >G— Q14+ Q). Since 2g —2=deg (n) =deg G —w+1,

(M) =G— Q1+ +Qu)+ 4,

where A is an F2-rational point and A # Q; for 1 <i < w. Since I(}_;_, a;P;) =
I((an —1)P1 + Y., a; P;), there exists a rational function h with divisor

-
(h) = (a1 = )P+ Y (i +a;)P;, — K + E,
i=2
where E is an effective divisor whose support does not contain any P; and 0 <
Yo gai <2g—1—(Yi_, ;) for each i, 2 <i <r. Then

T
i=2
implies that there exists a rational function f with divisor

r

(f)=-5HP — (Z(Bi—ai—l)Pz) —A+ @i+ +Qu) + E.

=2
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If A is in the support of E, then
T
(F)==APr = (Bi—ai =P+ Qi+ +Qu) + (B — A)
i=2

contradicting the assumption that 3 —a—1+e; € G(Py,...,P.). If A= Py, then

N == +D)P = (Bi—ai—)P+ @i+ +Qu)+E

i=2
contradicting the assumption that 3 —a— 1+ 2ey € G(P,...,P.). If A= Py for
2 <k <r,then
(f)=-56P — Z (Bi—ai—=1)P; — (By —ag) P + (Q1 + -+ + Qu) + E
%

contradicting the assumption that 3 —a—1+e; +ex € G(Py,...,P). Thus,
A = Qj for some j, w+ 1 < j < n. Then there exists a rational function f on

X with divisor ( f) = A" — mP; where A’ is an effective divisor whose support

contains A (if A = P,;, then one can take f=y— b). Once again a contradiction
is reached as

(1F) = =B +m)P =Y (B —ai = P+ (A = A)+ Q1+ + Qu + E.
i=2
Therefore, Cq(D, G) has no codeword of weight w. Hence, the minimum distance
of Cq(D,G) is at least w+ 1 = deg G — (29 — 2) + 2. O

Next, we wish to compare r-point codes, » > 2, constructed using the Weierstrass
gap set determined in Theorem 3.7 to other codes over the same field. The exact
parameters of all one-point codes on the curve y9+y = =™ can be obtained from [10]
or by applying the methods in [17], [4], and [19]. For reference purposes, we include
Table 1 indicating the parameters of all one-point codes Cr(D’, aPs,) (equivalently,
Ca(D',aPy)) where D' is the sum of all Fg-rational point other than P,,. Note
that the length of such a one-point code is n’ = g(m(q — 1) + 1). The dimension is
denoted by &’ and the minimum distance is denoted by d’.

Consider the r-point [n, k,d] code Cq(D,G) on X with 29 — 2 < degG < n.
Then the dimension of Co(D,G)isk=n+g—1—degG. If degG <n—g—1,
then CL(D’,aPs) is the unique one-point code on X with dimension k, where
a =k+g—1. Note that C(D’, aPy) has length n’ := n+7r—1. From Table 1, we
can see that if n+r—1—a € H(Px), then C(D',aPx) isa[n+r—1,k,degG —
(29 —2) + 7 — 1] code. If r = 2 and Cq(D, G) satisfies the hypotheses of Theorem
4.1, then Cq(D, Q) is a [n, k, > deg G — (29 — 2) + 2] code. Hence, this two-point
code is shorter than the one-point code of the same dimension on X and corrects
at least as many errors. Similarly, if r = 3, Cq(D, G) satisfies the hypotheses of
Theorem 4.2, and n +r — 1 — a € H(Px), then Cq(D,G) has better parameters
than the one-point code of the same dimension on X. Using these ideas, one can
obtain the following corollary of Theorems 4.1 and 4.2.

Corollary 4.3. Let X denote the quotient of the Hermitian curve over F 2 defined
by y? +y = ™ where m > 2 is a proper divisor of ¢ + 1. Then there are r-point
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TABLE 1. Parameters of Cr (D', aPy)

o K d’
0<a<2g—-1 a+1l—g
+ | H(Poo) N [0,29g — 2 — a] | n’ —a+min{s € Ng: o« — s € H(Poo)}
2g§a§n’—2g a+1l—g n —a
n —29g+1<a<n —1 a+1l—g n’ —a+4+min{s ENg:n —a+s € H(Px)}
n <a<n +2g-—2 a+1l-—g
+ | H(Poo) N[0, = m] | | Aot 2) 42

codes on X with r > 2 that have better parameters than any comparable one-point
code Cp(D,aPs) (or Cq(D,aPs)) on the same curve.

Proof. We will prove the following statements:

(a) If29—2<d <49g—3and § — (29 —2) + 1 € H(P), then there is a two-point
code Cqo(D,G) on X with deg G = ¢ and better parameters than the one-point
code of the same dimension on X.

(b)If29—2 < <min{(¢g—1—2c)m+2,(¢—c—3)m+1}+(¢—c—2)m+1 and
d— (29 —2)+ 1 € H(Px), then there is a three-point code Cq(D,G) on X with
deg G = ¢ and better parameters than the one-point code of the same dimension
on X.

Let P1 = Poo, P> = Py, and P3 = Py, be distinct F2-rational points on X. To
obtain a two-point code as in (a), let & = (1,2g—2) and 8 = (1, — (29 —2)). Then
Proposition 3.4 shows that the hypotheses of Theorem 4.1 are satisfied. Therefore,
Cq(D,P,+ (0 —1)P,) is an [n, k, > 6 — (29 — 2) + 1] code while the one-point code
of dimension k is a [n+1,k,d — (29 —2) 4+ 1] code (since § — (29 —2)+1 € H(Px)).

To obtain a three-point code as in (b), let « = (1,1,29 — 2 —m) = (1,1, (¢ —
c—2)m)and B =(1,1,6 —(2g—2—m)—1) = (1,1,6 — (¢ —¢—m) — 1). Then
Theorem 3.7 shows that the hypotheses of Theorem 4.2 are satisfied. Therefore,
Cq(D,Pi+Py+(0—2)P,) is an [n, k, > 0 —(29—2)+2] code while the one-point code
of dimension k is a [n+2,k,0 — (29 — 2) + 2] code (since § — (29 —2)+2 € H(Px)).

O

The proof the above corollary gives rise to many applications of Theorem 4.1
and Theorem 4.2.

Example 4.4. Let X denote the curve defined by y®+y = 23 over Fg4. Then X has
genus 7 and 177 Fgy-rational points. Hence, a two-point code on X has length n :=
175 while a one-point code on X has length n’ := 176. Let § € {17,19, 20,22, 23}.
Then Theorem 4.1 applies with @ = (1,29 —2) = (1,12) and B = (1,6 — (2g—2)) =
(1,5—12) to give two-point codes Cq (D, Py +(d—1) Pyp) with following parameters:
[175,164, > 6], [175,162,> 8], [175,161, > 9], [175,159,> 11], and [175,158, > 12].
For each choice of § above, 6 — (29 —2)+1 = § — 11 € H(Py). Using Table 1,
we see that one-point codes comparable (meaning of the same dimension) to those
listed above have the following parameters: [176,164, 6], [176,162, 8], [176,161, 9],
[176,159,11], and [176,158,12]. Thus, in each of these cases, the two-point code
has larger information rate (being shorter) than the comparable one-point code and
at least the same error-correcting capability. We can also see that when § = 20,
Theorem 4.2 applies with the choice of & and 3 given above. This shows that the
code Cq(D, Py + 16Pyo) is actually a [175,161, > 10] code. Sometimes, a different
choice of av and 3 are necessary to apply Theorem 4.2.
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Next, we consider the three-point code Cq (D", Py, + Poo + 14P,; on the same
curve. Note that Py + Pyo+14Py = (1+1—1)Poc+(1+1—1)Pyo+(9+6—1)Po;.
According to Theorem 3.7 (and Example 3.8 in particular), we make take ¢ =
(1,1,9) and B8 = (1,1,6) in Theorem 4.1. Then we conclude that Cq (D", Py +
Poo + 14Py; is a [174,163,> 5] code. According to Table 1, the one-point code
with dimension 163 is a [176,163,6] code. Thus far, it is not clear how the one-
and two-point codes compare. However, Theorem 4.2 also applies here so that the
two-point code is actually a [174, 163, > 6] code. This illustrates how more powerful
results are needed when comparing r-point codes with one-point codes for larger
values of .

After considering two- and three-point codes in the previous corollary and ex-
ample, it is natural to continue this line of reasoning for r-point codes where r > 3.
In order to see that the minimum distances of such r-point codes rival that of
one-point codes on the same curve, one needs results showing that given certain
conditions the minimum distance of an r-point code is at least r — 1 greater than its
designed distance. For r > 3, the method of proof in Theorems 4.1 and 4.2 breaks
down as r increases since it becomes necessary to consider all possible divisors of
degree r — 1 (in particular, the degree of the divisor A in the proof of Theorem 4.2
is 7 — 1 which allows the possibility that A is a [F(42)—1-rational point ). In [9], the
authors introduce another way to obtain such a result under much more restrictive
conditions. This was generalized in [3]. For reference purposes, we record this be-
low. An element a of the Weierstrass gap set G(Pi,. .., P,) is called a pure gap of
the r-tuple (Py,...,P,) ifn € G(Py,...,P,) for all n < o with n; = ; for some 4,
1<i<r.

Proposition 4.5. [9, Theorem 3.4] [3] Let G = Y_;_,(a; + 8; — 1)P; be a divisor
on X supported by r distinct F-rational points. Assume that o and 3 are pure gaps
of the r-tuple (P1,...,P,). Set D := Q1+ -+ + Qn, where Q1,...,Qy are distinct
F-rational points and no Q; is in the support of G. If the r-point code Cq(D,G) is
nontrivial, then the minimum distance of this code is at least deg G — (29 — 2) +r.

Example 4.6. Let X denote the curve defined by y® + y = 23 over Fga. Set
P = Py, P, = Py, P; = Py; and P, = Py, where w is a primitive element of
Fey satisfying w® + w? + w? + w + 1 = 0. According to Theorem 3.7, (1,1,1,7) €
T'y(Py, Py, P3, Py) which implies that (1,1,1,7) is minimal in each of the sets {n €
H(Pl,PQ’P37P4) tn; = 1}7 1<i < 3, and {Il S H(P17P2,P3,P4) TNy = 7} ‘We
also know that (0,0,0,5) € G(Py, P2, P, P;) since 5 € H(P,) by Proposition 3.3.
It follows that (1,1,1,5) is a pure gap of (Py, Pe, P5, Py). Take . = 8= (1,1, 1,5)
in Proposition 4.5 to obtain that the 4-point code Cq (D, P, + P> + P + 9P,) has
minimum distance d > 12 — 12+ 4 = 4. Hence, Cq(D,P; + P, + Ps + 9P;) is a
[173,167, > 4] code.

Clearly, the hypotheses in Proposition 4.5 are much more restrictive than those
in Theorems 4.1 and 4.2. In [12], we provide a result more general than Proposition
4.5. Even so, the results stated in this section apply to a larger class of codes that
those bounds found in [12].

In the next example, we compare codes constructed using the quotient of the
Hermitian curve y? + y = ™ where m is a proper divisor of ¢ + 1 with one-point
Hermitian codes over Fg2. The parameters of all one-point Hermitian codes were
determined in a series of works ([17], [4], [19]). For these parameters, see Table 1.
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TABLE 2. Cq(D,G) versus one-point Hermitian Cr (D', G") over Fgy

degG| 5 | o | & | &
18 | 0.9514 | 0.9297 | 0.0400 | 0.0716
19 | 0.9257 | 0.9238 | 0.0457 | 0.0312
20 | 0.9200| 0.9199 | 0.0517 | 0.0512
21 0.9143 | 0.9141 | 0.0517 | 0.0332
22 1 0.9086 | 0.9082 | 0.0629 | 0.0469
23 | 0.9029 | 0.9023 | 0.0686 | 0.0469

24 0.8971 | 0.8965 | 0.0743 | 0.0508

Example 4.7. Let X denote the curve defined by 38 +y = 23 over Fg4 and let X’
denote the Hermitian curve over Fgy, which may be defined by ® +y = 2. Notice
that X has genus 7 and 177 Fg4-rational points while X’ has genus 28 and 513
Fg4-rational points. One way to compare codes on these two curves is to compare
codes with comparable information rates.

Suppose Cq(D, G) is a two-point code on X and 12 =2g—2 < degG < 177 —2.
Then Cq(D,G) has length n = 175, dimension k¥ = 181 — deg G, and minimum
distance d > degG — 12. We compare this code with the [n',k’,d’] one-point
code Cr(D', AQo) on X' where A is chosen so that the codes Cq(D,G) and
Cr (D', AQ) have comparable information rates; that is, A is chosen so that
fT: ~ % To illustrate this, let G = 4P, + 14Py be a divisor of X. Then Theorem
4.1 applies with &« = (1,12) and 8 = (4, 3) to give that Cq(D, G) is a [175,163, > 7]
code. Next, we find the one-point Hermitian code over Fg4 with information rate
approximately that of Cq(D,G). This is done by choosing the dimension k' of
Cr(D', AQs) such that k' := | 312 % 163] = 476. This completely determines the

code Cr (D', AQw). In fact, A = 503Q and Cr(D', AQ) is a [512,476, 9] code.

It is easy to see that the relative distance of the two-point code is % > 0.0400

while the one-point code has relative distance % = 0.0176. Table 4.7 give several
other similar examples. Note that the divisor G is chosen so that Theorem 4.1 (or
Theorem 4.2) applies.

APPENDIX A
The content of this appendix is the proof of Theorem 3.7.

Proof of Theorem 3.7. We begin by setting up some notation. Recall that the no-
tation

PYt,j = ((tl _j)m—’_jv (t2 —])’ITL-’-], ceey (tr _J)m+j)
introduced in Definition 3.6 will only be used to describe vectors where 1 < j <[—1
and j<t; <qg—1—j(c—1)forall 1 <i<7r. For2<r<gqg+1,set

Sy = {'yt,j eN": Zti = (mj)chr(jl)}.
i=1

For 2 < r < ¢+ 1, we will prove that T, = S, by induction on r. According to
Proposition 3.4,

= {7(t1,tz),j EN? ity +tg = (m—j)e+2(j - 1)} =52,
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which settles the case where 7 = 2. We now proceed by induction on r > 3. Assume
that I'; = S; holds for all 2 < ¢ <r—1.
First, we claim that S, C I';. Let v, ; € S,. Then

m

(HT <yx:)n—j+1>m = ((ti = j)m +5)Ps.

=2 i=1

Hence, v ; € H;.

In order to show that v, , € I, it suffices to prove that ~ ; is minimal in
{p € H, :p1 = (t1 — j)m + j}. Suppose 74 ; is not minimal in

{peH,:p1=(t1—j)m+j}
Then there exists u € H, with u; = (t1 — j)m +j, u 2 7, ;, and u # v ;. Let
f € Fp2(X) be such that (f)s = u1 Py + - - - + u, P.. Without loss of generality, we
may assume that u, < (t. —j)m + j as u # v, ; gives u; < (t; — j)m + j for some
2 < i <r and a similar argument holds if 2 < ¢ <r — 1. Hence,
wp = (ty — jym+j — k

for some k > 1. There are two cases to consider:

1) j>k
(2) j<k
Case (1): Suppose j > k. Then
A r—1
(Fly=b)" 7727 7) = (bt (e=2) (k) —k—k)m-+k) P+ max{ui— (j—k), 0} P,
o i=2

Therefore,
vi=((t1+t-+(c=2)[F—k)—k—kym+k,va,...,0._1) € H._1,
where v; = max{u; — (j — k),0} for 2 <i <r —1. Set

W= Y (14t +(c—2) (—k) —k,toa—j+ 14k, ta—j+k,.ostr1—j+k) k-
Clearly,
v X w.
Note that
wE S,
since t1+t7«+(6—2)(j—k)—k‘+t2—j+1—|~—k+zz;31 (ti—j+k) = (m—k)c+(r—1)(k—1).
By the induction hypothesis, S;,_1 =I',_1, and so
W € f‘,,‘,l.
By Lemma 3.1, w is minimal in the set {p € Hy—1 :p1 = (1 +t, +(c—2)(j — k) —
k — k)m + k}. This leads to a contradiction as
ve{peH _1:pr={1+t-+(c—=2)(F—k)—k—km+k},
v < w, and
vV £ w.
Case (2): Suppose j < k. Then

r—1

(fly=b)"7) o= (4t —j—jim+ )P+ wP

=2
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which implies that

V= ((tl +t7‘ _j _j)m+j,U2, o 711/7,,1) S Hrfl-
Note that there exists 4, 2 <4 < r—1, such that ¢; < ¢g—1—j(c—1) since otherwise
2j < t1+4t, = —(r—3)(g+1—jc)+r—4+42j implies that 0 < —(r—3)(c¢(m—j)—1)—1
contradicting the assumption that » > 3. We may assume that ¢ = 2 as a similar
argument holds in the case 2 < ¢ <7 — 1. Then set

WZ Y (tattr—jitat1itatr—1).°
Clearly,
v X w.
Also note that
wE S,
since t; +t, —j+ta+ 1+ Z:;Bl t;=(m—j)c+ (r—1)(j — 1). By the induction
hypothesis, S,_1 =T',_1, and so
W € frfl.
According to Lemma 3.1, w is minimal in {p € H,_1 : py = (t1 +t, —j—j)m+j}.
This leads to a contradiction as
v E {p € H'r'fl ‘p1 = (tl +tr _j _J)m+]}a
v <w, and
V£ w.

Since both cases (1) and (2) yield a contradiction, it must be the case that v, ;
is minimal in {p € H, : p1 = (t; — j)m + j}. Therefore, by the definition of T, we
have that ¢ ; € I';. This completes the proof of the claim that

S, CT,.

Next, we will show that ', C S,. Suppose not; that is, suppose that there exists
n € I \ S;. Then there exists f € F2(X) such that (f)eec = 1Py + -+ + 1, Pr.
By Lemma 3.5,

nel, CG(P) xG(P) x - xG(P,).
Thus,
n= ((tl - Jl)m +J1, (t2 - jQ)m + 2,0, (t'r' - Jr)m +j’r')
where 1 < j; <l—1and j; <t <qg—1—j;(c—1) for all 1 <i <r. Without loss
of generality, we may assume that j, = max{j; : 2 < ¢ < r} as a similar argument
holds if j; = max{j; : 2 <i < m} for some 2 < i <r — 1. Then

r—1
(f(y - br)trijr‘kl)oo - (nl + (tr - jr + ]-)m)Pl + an-Pm
=2

which implies that (ny + (¢, — j» + 1)m,na,...,n.—1) € H,._;. Then there exists
u € I',_; such that

u = (nl + (t'r _jr + 1)man2;-~-7nr71)

and us = ny = (ta — jo)m + jo. If uy < ng, then (uq,...,ur—1,0) = n which
contradicts the minimality of n in {p € H, : po = na}. Thus, u; > ny > 0. By the
induction hypothesis,

Ty, )5’ €5k ="TI%

u= ’Y(Til,m’
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for some k, 2 <k <r—1, (T},,...,T;,) € N¥ and j' € N satisfying 1 < j' <1 -1,
§ < Ty < q—1—j'(c=1)for1 < s < k,and ¥*_, T;. = (m—j")c+k(j'—1). Hence,
there exists an index set {41,...,4,—1} = {1,...,r — 1} such that i; <is <--- < iy
and
(T, =" )m+j it 1<k<I
Ui, = .

? 0 fk+1<s<r-—1.
Since u; >n1 > 0,4, = 1. As us =ng # 0, io = 2. Since

(Ty — j'Ym + j' = uiy = ug = (t2 — jo)m + jo,

we have that m | (j* — j2). This forces j/ = jo (and consequently 7o = t3) as
1<j,j2<l—1<m—1. As a result,

W =Y (T, T2, Ty, T}, ) i

U, =
e 0 ifk+1<s<r—1,
T+Ta+ T+ + Ty = (m—j2)e+k(ja — 1), and jo <Ti, <qg—1—j2(c—1)
for all 1 < s < k. At this point, we separate the proof into two cases:
1) wi—(r—4r+1)m>0
2) wi—({—jgr+1)m<O.

Case (1): Suppose u; — (t, — jr + 1)m > 0. Since m 1 jo, it follows that

uy = (tm — Jm + 1)m > 0. Set
vV i= (ul - (tr - jT + 1)m7u27u37 ey Up—1, (tr - jT’ +J2 - ]Q)m +.72)
Notice that v < n since u; < ny + (¢ — jr + 1)m, u; < n; for 2 <i<r—1, and
Jj2 < jr =max{j; : 2 <i <r}. We claim that v € Sgy1. To see this, it is helpful
to express v as
V= 7(T1*tr+jr*1,T27Ti3,~~,Tik7tr*jr+j2)7j2‘

Since Ty —t,. +j, —1+Tr + (Z’;:d Tis) +tr—Jr+jo = (m—ZQ)C—i- (k‘—‘r 1)(j2 — 1),
this establishes the claim that v € Sk+1. Since Sgy1 C I'kyq1, it follows that
veTl, C H,. Now,v<mnand n € I', force n = v as otherwise n is not minimal in
{p € H, : pp = na}. Hence, k+1=randn =v =V € S,, which is a contradiction.

Case (2): Suppose that u; — (t, — jr + 1)m < 0. There are two subcases to
consider: ‘

(@) j1 <t
(b) J1=t1.

Subcase (a): Suppose j; < t1. Set

vi=((t1 = j1 4+ jo — 1 = jo)m + jo,uz, . .., up—1, (T1 — t1 4 j1 — j2)m + ja).
Notice that v < n and v # n since jo —m < 0 < ji, u; < n; for 2 <i <r—1,
and (Tl —jg)m +je=u < (tr —Jr+ 1)m implies that (T1 —t1+ 71 —jg)’ﬂ’L—f—jg <
(t, — jr)m + jr as ja < j.. The fact that j; < t; gives v € N¥*1. We claim that
v € Sk41. To see this, express v as

V=Yt —g1+ie—1.Te.Tig e, Tiy Ti—t1451) 52

(In order to write v in this manner, it must be checked that t; — j; + jo — 1 <
q—1—7j2(c—1) and jo < T1 —t1 +71. It suffices to show that jo < Ty —t; + j1 since
this implies that t1 —j1 +jo — 1 <Th —1 < qg—1—ja(c=1). If jo > T — t1 + Ju1,
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then (17 — j2)m < (1 — j1)m+ j1 — j2, contradicting the fact that u; > n;. Hence,
Jo < Thi—t1+71.) It is easy to see that t1—j1+jo—14+To+T;,+ - -+ 15, +T1—t1+51 =
(m —ja)e+ (k+1)(j2 — 1), and so ¥ € Sky1 C Tppy. It follows that v € H, and
sov € {p € H, : p» = ny}. This yields a contradiction as n is minimal in
{p € H, : ps = na}, concluding the proof in this subcase.

Subcase (b): Suppose that j; = t1. Set

Vi= (07u27 ceey Up—1, (Tl 7]2)m+‘72)

Thenv <nandv # nsince 0 < ny, u; <n;for2 <i<r—1,andu; < (t,—j.+1)m
implies Th — jo < ¢, — j, which means (T} — jo)m + ja < (t, — jr)m + j, as
j2 < jr. It is easy to see that v € Sy as Z’:zl T;, = (m — ja)c+ k(j2 — 1) and
Jo <T;, <qg—1—j(c—1) for all 1 <s < k. As before, it follows that v € H, and
v € {p € H, : p2 = ny}. Since v # n, this contradicts the minimality of n in the
set {p € H, : po = na}, concluding the proof in this subcase.

Since both cases (1) and (2) yield a contradiction, it must be the case that no
such n exists. Hence, f‘r \ S, = 0. This establishes that fr C S,, concluding the
proof that I, =S,.

Now suppose that ¢ +1 —c<r <qg+1. If v, ; € I,, then

rj <y ti=(m—jle+r(i-1)<(g+1-0)j
i1
which is a contradiction. Therefore, T, = 0. O
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