Minimal generating sets of Weierstrass semigroups of certain
m~tuples on the norm-trace function field

Gretchen L. Matthews and Justin D. Peachey

ABSTRACT. The norm-trace function field is a generalization of the Hermitian
function field which is of importance in coding theory. In this paper, we
determine the minimal generating set of the Weierstrass semigroup of the m-
tuple (Poo, Popgy- - PObm) of places on the norm-trace function field.

1. Introduction

Let g be a power of a prime and r be an integer with » > 2. Consider the
function field Fyr (z,y) /Fy» where

Nr . r, (#) = Trr . v, (Y)

meaning the norm of & with respect to the extension Fy- /I, is equal to the trace of
y with respect to the extension Fyr /F,. This function field is called the norm-trace
function field. If r = 2, then the norm-trace function field coincides with the well-
studied Hermitian function field. The norm-trace function field was first studied
by Geil in [G] where he considered evaluation codes and one-point algebraic geom-
etry codes constructed from this function field. More recently, Munuera, Tizziotti,
and Torres [MTT] examined two-point algebraic geometry codes and associated
Weierstrass semigroups on the norm-trace function field.

Given an algebraic function field F/F, where F is a finite field, and distinct
places Pi,..., Py, of F of degree one, the Weierstrass semigroup of the m-tuple
(Pl,. . ,Pm) is

H(Pl,...,Pm) = {(Oél,...,ar) GNmeGFWIth (f)oo —ZaiPl},
i=1

where (f)s denotes the divisor of poles of f and N denotes the set of nonnegative
integers. The Weierstrass gap set G(P,...,Py,) of the m-tuple (P1,...,P,,) is
defined by

G(PL,...,Pn)=N"\H(Py,...P,).

Key words and phrases. Weierstrass semigroup, norm-trace function field, Hermitian function
field.
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In this paper, we determine the minimal generating set of the Weierstrass semigroup
H (P, Pop,, - - -, Pop,,, ) on the norm-trace function field for any m, 2 <m < ¢" 1+
1.

This paper is organized as follows. This section concludes with notation utilized
in the paper. Section 2 contains relevant background on the norm-trace function
field. The main result is found in Section 3. This paper concludes with examples
given in Section 4

Notation. The set of integers is denoted Z, and Z denotes the set of positive
integers. As usual, given v € Z™ where m € Z, the i*" coordinate of v is denoted
by v;. Define a partial order < on Z™ by (n1,...,nm) = (p1,...,Pm) if and only
if n; <p; for all i, 1 <7 < m. When comparing elements of Z™, we will always do
so with respect to the partial order <. We use the notation n < p to mean n < p
and n # p.

Given a prime power ¢, F, denotes the field with ¢ elements. Let F//F, be an
algebraic function field. The divisor of a function f € F'\ {0} is denoted by (f).

2. Preliminaries on the norm-trace function field

In this section, we review the necessary background on the norm-trace function
field; additional details may be found in [G].
Consider the norm-trace function field F := F,r (z,y) /F, which has defining
equation
r—1 r—2
yq +yq +...+y:1‘a+1

T_ . . . .
where a := ‘qull — 1, ¢ is a power of a prime, and r > 2 is an integer. The genus

r—1_
of F/Fyris g = M' For each « € Fr, there are ¢"~! elements (3 € F, such
that

(21) NFQT/Fq (Oé) = T’I“]qu/]Fq (ﬁ) .

For every pair (a, ) € F2. satisfying Equation (2.1), there is a place Pyg of F of
degree one which is the common zero of x — « and y — 3. In fact, the places of
F of degree one are precisely these P,3 and P, the common pole of z and y. In
particular, there are ¢"~! places Py, with b € B where

B:= {b € qu : TT]qu/]Fq (b) = 0} .

In determining the Weierstrass semigroups H (Ps) and H (Py), for b € B, on
the norm-trace function field, the following principal divisors are quite useful:

@) => Pu—q 'Px
beB
and for any b € B,
(y—b)=(a+1)Pyp— (a+1) P.

Combining these with the fact that |G (P)| = g for any place P of degree one, it
can be shown that gap set of the infinite place is

1<j<i<a-—sand

G(Px)=q (¢ " —itj-1)(a+1)—jg"': (s=1)(¢g-1)<i—j<s(g—1)
where 1<s<a+1—¢ !
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and the gap set of any place Py, where b € B is

1<j<i<a-—sand
G(Pp)=q@—j)a+1)+j: (s—1)(¢—1)<i—j<s(g—1)
where 1 <s<a+1—¢g !

Moreover, each element of the gap set G (Py) has a unique representation of the
form above; specifically if

(@' —iti-Da+1) —jg = (" =i+ = Da+1) - jq
where 1 < j,5' < a—1, then
i/ =i and j = J.
A similar fact holds for elements of the gap set G (Py,) where b € B. Additional
details may be found in [G], [MTT], and [MO09].
3. Weierstrass semigroups on the norm-trace function field

In this section, we determine the minimal generating set of the Weierstrass
semigroup H (Pao, Pob,, - - -, Pop,,) on the norm-trace function field for any m, 2 <
m < ¢" !, and any distinct b; € B.

DEFINITION 3.1. Let Py,..., P, be m distinct places of degree one of an alge-
braic function field of F/F. Set I (Py) := H (Py); for m > 2, set

n is minimal in {p € H (P1,..., Py) : p; = n;} }

PPy, o) = {“GZP for some 4,1 < i < m

In [MO04] it is shown that if 2 < m < |F|, then H (Py,...,Py) =
uj EF(Pl,...,Pm) or (uil,...,uik) EI‘(Pil,...,Pik)

lub{uy,...,um}: for some {i1,...,0n} ={1,...,m} such that i1 < --- <y
and wu;,,, =+ =wu;, =0forsome 1 <k <m
where
lub{uy,...,um} = (max{us,,...,4m, },...,max{uy_,..., Uy, }) € N

is least upper bound of the vectors uy,...,u;m € N™. The set I'(Py,..., Py)
is called the minimal generating set of the Weierstrass semigroup H (P, ..., Py,).
Hence, to determine the entire Weierstrass semigroup H(Pi,..., P,,), one only
needs to determine the minimal generating sets I" (P; P, ). The next lemma
aids in finding such sets.

19

LEMMA 3.2. [MO04] Let F/F be an algebraic function field where F is a finite
field. Suppose Py, ..., P, are distinct places of F/F of degree one and2 < m <|F |.
Then

(1) F(le-wpm)gG(Pl)X"'XG(Pm)'
n is minimal in

(2) F(Ph)P’m): HEZT {pEH(Pl,;Pm)pZZnZ}
foralli,1<i<m

We aim to find T’ (P, Pob,, - - -, Pob,,) on the norm-trace function field. The
case m = 2 appears in [MTT] and is recorded here as the next lemma.
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LEMMA 3.3. [MTT] Let b € B. The minimal generating set of the Weierstrass
semigroup of the pair (Ps, Poy) of places on the norm-trace function field over Fyr
" 1<j<i1<a—s,

F(Pooapob): ’Uiji (5—1)(q—1)§z—j§s(q—1)—1
for somel<s<a+1-—¢ !
where

vij = ((a+1) (¢ " —i+ji—1)—jg" " (a+1) (i —j)+7).
Utilizing the two lemmas above, we next prove the main result.

THEOREM 3.4. Suppose 2 < m < ¢q"~' + 1. The minimal generating set of the
Weierstrass semigroup of the m-tuple (Pso, Poby, - - -, Pob,,) of places of the norm-
trace function field over Fyr is

Str=i—j+ 1Lt €Z:,1<j<i<a-s,

)

F(PooaPOan-- PObm) Vit - (5—1)(q—1)§i—j§5(q—1)—1
where 1 <s<a+1—¢ !

where
Vit = (( Ztk> (a+1) —qu_l,(tg—1)(a+1)—0—j,...,(tm—1)(a—|—1)—|—j>.

PRrROOF. For 2 <m < qr_1 + 1, set

Ms

th=i—7+1,t;€Z,1<j<i<a-—s,

— . k=2
S (s 1) <i-j<s(g-1) -1
where 1 < s<a+1—¢ !
When convenient, we write H,, to mean H (P, Pop,,- -, Pos,,) and T';, to mean

I'(Ps, Pobyy - - -5 Pob,,), m > 2. We prove that S,, = I';;, by induction on m. By
Lemma 3.3, So = I's. Assume that I'; = S; for 2 <1 < m — 1. First, we show that
Sm €Ty

Let s := ;¢ € Sp,. Hence,

31:< Zt) (a+1) —jg" !,
and for 2 <i < m,
si={t—1)(a+1)+].

. atl—j
Then s € H,,, since | :&2—— =

[T (y—b:)t
=2

o0

(( Zt) (a+1) jqr1> Poo+i((tifl)(a+l)+j)Pobi.

It remains to show that s € I,
Let Q1 := {p € Hy, : p1 = s1}. Then s € Q1. We claim that s is minimal in
(1. Suppose not; that is, suppose there exists w € @1 such that

w < S.
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Then there exists f € F' with divisor
(f) = A — (w1 Pso + waPop, + - - + wim Pop,,)

where A is effective. Clearly, w; < s; for 1 <i < m and w; < s; for some 2 < i < m.
We may assume wq < S as a similar argument holds for any other i. Then

'U)Q:(tQ_l)(a,“‘l)"’j—k

for some k € Z™.
Suppose that 7 < k. Notice that

(Flr—b2)""") = 4 = (i + (t2 = D@+ 1) Poc = (= ) Py = Y_ wi oy,
k=3
where A’ is an effective divisor. Then
vi= (w1 + (t2 —1)(a+1),ws,...,wy) € H(Px, Pobs,---, Fob,,)

since 7 — k < 0. Now, since

w+ (ta— 1)(at 1) = <q - <1+iti>> (a+1) - jg" ",

we obtain that
v < ((q - it;) (@ 1) gty = 2)(a+ 1) + o (E —1><a+1>+j)
1=3

= Vil
where t5 = t3+ 1 and ¢, = ¢; for 4 < i < m. We claim that

Yj,(thrott) € L (Poos Pobgy - - - Pob,, ) -

m m
To see this, let i/ = > ¢, +j — 1. Then, ¢/ —j+1 = Y t,. First, note

m m 1=3 i=3
that > ¢; < > #¢;. Thus, ¢/ —j4+1 <4i—j+4+1. Hence, i’/ <4i < a—s and

i=3 i=2

i’ —j <1i—j. Thus, we can find an s; such that 1 < s;, < s<a+1—¢" ! and
(si—1)(¢g—1) <i—j < s(q—1)—1. Furthermore, i’/ < a—s < a— s;. Also,

m
i’ 4+ 1= >t + j implies i > j. Thus, we have that
i=3

and
Vi (thyenth) € Tr (Poo, Povg, .-, PObm)
which is a contradiction. Hence, it must be that j > k.
Now, note that (fz?=*(y — by)"271) =
m

A" —(wy + (ta — D(a+ 1)+ (j — k)¢ ") Poo — Z(wl — (5 —k))Poy,-
=3

where A" is an effective divisor. Set

v = <<qr12ti1> (a+1)qu1,w3(jk),...,wm(jk)).

Then v € H,;,. An argument similar to that above shows

U =V (tyeestl)) s
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where th = t3+ 1 and ¢, = t; for 4 <i <m, and

Viey(ty.tr) € T (Poos Pobgy - - - Pob,, ) »

which is a contradiction. This proves that s is minimal in Q1. Hence, s € T';,,, and
it follows that S,, C I',,.
Next, we show that T, C S,,. Let n € T',,,. By Lemma 3.2(1),

n € G(Ps) X G(Pop,) X -+ X G(Pow,,)-

m

According to Lemma 3.3, this implies
ni = (a+1)(¢"t—i1+j1—1)—j1¢" !, and
ng = (a+1)(i—5)+ i, for 2<1<m,
where for all [, 2 <1 < m,
1<iu<i<a-—s,
(si—=1D(g—1) < —j <si(¢g—1)—1, for some s,
1 <s Sa—l—l—q"_l.
We may assume without loss of generality that
Jjo =min{j; : 2 <1< m}

since the argument is similar for any j; where j; = min{j; : 2 <1 < m}. Then there
exists h € F' with

(oo =11 Pos + Y _ 1 Pob
k=2
This implies (b []yg(y — bp)* 9+ F1) =

(nl +(a+1)) (ix—Jr)+(a+1)(m— 2)) Py — n2Pop,,

k=3
and
vi= (m +(a+1)) ik —jr + 1),n2> € H (Ps, Pop,) -
k=3
By Lemma 3.2(2), there exists u € I'y such that v < v and us = ny. Lemma 3.3
implies
up = (a+1)(¢" " =iz +j2 = 1) = jog" .

Furthermore, u; > nj; otherwise, (uj,u2,0,...,0) < n, which contradicts the
m

minimality of nin {p € H,;, : po = na}. Thus, ny < u; < nij+(a+1) > (ix—Jjr+1).
k=3

Now, let

w = (wy, (2 — j2)(a+ 1) + jo, (i3 — j3)(a + 1) + jo, ..., (im — Jm)(a + 1) + j2),
where

w1 :max{O,ul —(a—&-l)zm:(ik—jk-&-l)},

k=3

11 by Y—0) UL
and let h = Hb;fi({ybf'bk)ik—}mm . Then (h)oo = w1 Py + kZ::Q wy Pop,,- Thus, w € Hy,

and w < n. Hence,
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m

Asaresult wy =u; —(a+1) > (i —jr+1) >0and j; = jo forall 3 <1< m.
k=3

Moreover,

i2+Z(ik—jk)+(m—2) =1y and jy = J;
k=3

by the uniqueness of representation of elements of the gap sets G (Ps) and G (Pop).-
Therefore,

= Yja,(i2—jo+1is—ja 41 sim—im+1)*
Finally, we must check that vj, (i, —jo+1,i5—js+1,....im—jm+1) € I'm- To do this, we
check that ’YjQ,(iz—j2+1,i3—js-‘rl,-..,im—jm-‘rl) S Sm Note that

m
D Gk —dr+1) =it —ja+1,
k=2

1<jo=51<i4<a-—s, and
which means
(s—=1(@g-1)<i1—j2<s(g—1)—1

where 1 < s < a+ 1 — ¢"~!. Therefore, I',,, C S,,. Thus, I',, = S,, proving the
desired description of I'(Ps, Pop,, - - -, Pob,, )- O

4. Examples

In this section, we consider two examples.

ExaMPLE 4.1. Consider the norm-trace function field F/F,r with r = 2. Then
a = q and F/Fp is the Hermitian function field which has defining equation

Y +y =2t
Taking m = 2 in Theorem 3.4 gives the minimal generating set of I" (Ps., Pop, )-
Because the automorphism group of F' is doubly-transitive,
['(P1, Py) =T (Px, Pob,)

for any pair (P;, Py) of distinct degree one places of the Hermitian function field.
This result first appeared as [M01, Theorem 3.4].
More generally, the minimal generating set of the Weierstrass semigroup of the

m-tuple (Pso, Popy, - - - » Pos,, ) of places of degree one of the Hermitian function field
over [F2 is
m
Dte=i—j+ Lt €Z1<j<i<qg—1,
Lo =<t k=2

0<i-j<q-2
where

Vit = ((q_ztk> (CI+1)—jCI»(t2—1)(Q+1)+J}~~-7(tm—1)(Q+1)+j> :
i—k

This result first appeared as [M04, Theorem 10]. We also note that [MMP]
contains some results related to m-tuples on the Hermitian function field.
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EXAMPLE 4.2. Let Fo7 = F3(w) where w® —w+1 = 0. The norm-trace function
field with ¢ = 3 and r = 3 is For(x, y)/Fa7 where

Pty —
The genus of For(z,y)/Far is 48, and there are exactly 9 places of For(z,y)/Fa7 of
the form Pyy:

Poo, Po1, Poz, Pow; Pows s Powe, Powts, Powie, Pow22.
Then

1,2,3,4,5,6,7,8,10,11,12, 14, 15, 16, 17, 19, 20, 21, 23, 24, 25, 28,
G(Px) = { 29,30,32,33,34,37,38,41, 42,43, 46, 47,50, 51,55, 56, 59, 60, 64, v,
68, 69,73, 77,82, 86,95

and for all m, 2 < m < 10,

1,2,3,4,5,6,7,8,9,10,11, 14, 15,16, 17, 18, 19, 20, 21, 22, 23, 27,
G(Po,) =< 28,29,30,31,32,33,34,40, 41, 42, 43,44, 45, 46,53, 54, 55, 56, 57,
66, 67,68, 69, 79, 80, 92

Taking m = 2 in Theorem 3.4 yields I' (Ps, Pop,) =
(1,23), (2,46), (3,69), (4,92), (5, 11), (6, 34), (7, 57), (8, 80), (10,22),

(11,45), (12, 68), (14, 10), (15, 33), (16, 56), (17, 79), (19, 21), (20, 44)

(21,67), (23,9), (24, 32), (25, 55), (28, 20), (29, 43), (30, 66), (32,8), (33,31), | _
(34,54), (37,19), (38,42), (41,7), (42, 30), (43,53), (46, 18), (47,41), (50,6), [
(51,29), (55,17), (56, 40), (59, 5), (60, 28), (64, 16), (68,4), (69, 27),

(73,15), (77,3), (82, 14), (86, 2), (95, 1)

this also follows from Lemma 3.3. Figure 1 illustrates how the minimal generating
set T' (Pso, Pob,) is related to the semigroup H (Ps, Pop,). In particular, the ele-
ments of I (P, Pop, ) are shown in bold as are the elements of ' (P ) N [0, 2g] and
r (PObz) N [07 29]

Taking m = 3 in Theorem 3.4 gives I' (Puo, Poby, Pobs) =

(1,10,10), (2,7,33), (2,20, 20), (2,33, 7), (3,4, 56), (3, 17, 43),
(3,30,30), (3,43, 17), (3,56,4), (4,1,79), (4, 14, 66), (4, 27, 53),
(4,40,40), (4,53, 27), (4,66, 14), (4,79, 1), (6,8, 21), (6, 21, 8),
(7,5,44), (7,18,31), (7,31, 18), (7,44, 5), (8, 2, 67), (8, 15, 54),
(8,28,41), (8,41, 28), (8, 54, 15), (8, 67,2), (10,9,9), (11, 6, 32),
(11,19, 19) (11,32,6), (12,3,55), (12, 16,42), (12,29, 29), (12, 42, 16),
(12,55,3), (15,7, 20), (15, 20, 7), (16, 4, 43), (16, 17, 30), (16, 30, 17),
(16,43,4), (17,1,66), (17, 14, 53), (17,27, 40), (17, 40, 27), (17, 53, 14),
(17,66,1), (19,8,8), (20,5, 31), (20, 18, 18), (20, 31, 5), (21, 2, 54),
(21,15,41), (21,28, 28), (21,41, 15), (21,54, 2), (24,6, 19), (24,19,6), [’
(25,3,42), (25, 16, 29), (25, 29, 16), (25, 42, 3), (28,7, 7), (29, 4, 30),
(29,17,17), (29, 30, 4), (30, 1,53), (30, 14, 40), (3

(

(

(

(

(

(

(

( 0,27,27), (30,40, 14),
33,18,5),

8

30,53, 1), (33,5, 18),

( 34,2,41), (34, 15,28), (34,28, 15),
34,41,2), (37,6,6), (3 (
(

(
(
( ( 4,15
( ,3,29), (38,16, 16), (38,29, 3), (42,4, 17),
42,17,4), (43,1,40), (43, 14,27), (43,27, 14), (43
( 5
( 6
(

)

) 7) .1, (46,5, 5),
47,2,28), (47,15,15), (47,28, 2),

; ’

(43,40, 1
(51,3,16), (51,16,3), (55,4, 4),
(60,2, 15), (60, 15, 2)

2,1,1)

56,1,27), (56, 14, 14), (56, 27,
69,1,14), (69,14, 1), (73,2, 2), (

as shown in [MO09].

) (647 3’ 3)7

)
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FIGURE 1. H (Ps, Py,) N [0,2g]°

Considering 4 < m < 10 in Theorem 3.4 gives I' (Pso, Poby, Pobs, Pob,) =

(69,1,1,1),(56,1,1,14), (56,1, 14, 1), (56, 14, 1, 1), (60, 2, 2, 2), (47, 2, 2, 15),
(47,2,15,2), (47,15,2,2), (51,3,3,3), (38, 3, 3,16), (38,3, 16, 3), (38, 16, 3, 3),
(42,4,4,4),(29,4,4,17), (29,4, 17, 4), (29, 17, 4, 4), (33, 5,5, 5), (20, 5, 5, 18),

(20,5, 18, 5), (20, 18, 5, 5), (24, 6, 6, 6), (11, 6, 6, 19), (11, 6, 19, 6), (11, 19, 6, 6),
(15,7,7,7), (2,7, 7,20), (2,7,20,7), (2,20,7,7), (6,8, 8,8), (43, 1, 1, 27),

(43,1, 14, 14), (43, 1,27, 1), (43, 14, 1, 14), (43, 14, 14, 1), (43,27, 1, 1), (30, 1, 1, 40),
(30,1, 14, 27), (30, 1, 27, 14), (30, 1, 40, 1), (30, 14, 1, 27), (30, 14, 14, 14), (30, 14, 27, 1),
(30,27, 1, 14), (30, 27, 14, 1), (30, 40, 1, 1), (34, 2, 2, 28), (34, 2, 15, 15), (34, 2, 28, 2),
(34, 15,2, 15), (34, 15, 15, 2), (34, 28, 2, 2), (21, 2, 2,41), (21, 2, 15, 28), (21, 2, 28, 15),
(21, 2,41, 2), (21, 15, 2, 28), (21, 15, 15, 15), (21, 15, 28, 2), (21, 28, 2, 15), (21, 28, 15, 2),
(21,41, 2, 2), (25, 3, 3, 29), (25, 3, 16, 16), (25, 3, 29, 3), (25, 16, 3, 16), (25, 16, 16, 3),
(25,29, 3,3), (12, 3, 3, 42), (12, 3, 16, 29), (12, 3, 29, 16), (12, 3, 42, 3), (12, 16, 3, 29),
(12,16, 16, 16), (12, 16, 29, 3), (12, 29, 3, 16), (12, 29, 16, 3), (12, 42, 3, 3), (16, 4, 4, 30), ,
(16,4, 17,17), (16, 4, 30, 4), (16, 17,4, 17), (16, 17, 17, 4), (16, 30, 4, 4), (3, 4, 4, 43),
(3,4,17,30), (3,4, 30,17), (3, 4,43, 4), (3, 17, 4, 30), (3, 17, 17, 17), (3, 17, 30, 4),
(3,30,4,17), (3,30, 17,4), (3,43,4,4), (7,5, 5,31), (7,5, 18, 18), (7, 5,31, 5),

(7,18, 5,18), (7, 18,18, 5), (7,31, 5, 5), (17, 1, 1, 53), (17, 1, 14, 40), (17, 1, 27, 27),

(17,1, 40, 14), (17, 1, 53, 1), (17, 14, 1, 40), (17, 14, 14, 27), (17, 14, 27, 14), (17, 14, 40, 1),
(17,27,1,27), (17,27, 14, 14), (17, 27, 27, 1), (17,40, 1, 14), (17, 40, 14, 1), (17, 53,1, 1),
(4,1,1,66), (4,1,14, 53), (4, 1, 27, 40), (4, 1, 40, 27), (4, 1, 53, 14), (4, 1, 66, 1),
(4,14,1,53), (4, 14, 14, 40), (4, 14, 27, 27), (4, 14, 40, 14), (4, 14, 53, 1), (4, 27, 1, 40),
(4,27,14,27), (4,27, 27, 14), (4, 27, 40, 1), (4, 40, 1, 27), (4, 40, 14, 14), (4, 40, 27, 1),
(4,53,1,14), (4,53, 14, 1), (4,66, 1, 1), (8, 2, 2, 54), (8, 2, 15, 41), (8, 2, 28, 28),
(8,2,41,15), (8,2, 54, 2), (8, 15,2, 41), (8, 15, 15, 28), (8, 15, 28, 15), (8, 15, 41, 2),
(8,28,2,28), (8,28,15,15), (8, 28, 28, 2), (8,41, 2, 15), (8,41, 15, 2), (8, 54, 2, 2)
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I' (Pso, Povy s Pobg > Pov,, Povs) =

(56,1,1,1,1), (47,2, 2,2, 2), (38,3, 3,3,3), (29,4, 4,4, 4), (20,5, 5,5,5), (11, 6, 6, 6, 6),
(2,7,7,7,7),(43,1,1,1,14), (43,1, 1,14, 1), (43,1, 14,1,1), (43,14, 1, 1, 1), (30, 1, 1, 1, 27),
(30,1, 1, 14, 14), (30, 1,1, 27, 1), (30, 1, 14, 1, 14), (30, 1, 14, 14, 1), (30, 1, 27, 1, 1),

(30,14,1,1, 14), (30, 14, 1, 14, 1), (30, 14, 14,1, 1), (30,27, 1, 1, 1), (34, 2, 2, 2, 15),
(34,2,2,15,2), (34,2,15, 2, 2), (34,15, 2, 2, 2), (21, 2, 2, 2, 28), (21, 2, 2, 15, 15),

(21,2,2,28,2), (21, 2,15, 2, 15), (21, 2, 15, 15, 2), (21, 2, 28, 2, 2), (21, 15, 2, 2, 15),

(21,15, 2,15, 2), (21, 15, 15, 2, 2), (21, 28, 2, 2, 2), (25, 3, 3, 3, 16), (25, 3, 3, 16, 3),

(25,3, 16,3,3), (25, 16, 3, 3,3), (12, 3, 3, 3, 29), (12, 3, 3, 16, 16), (12, 3, 3, 29, 3),

(12,3, 16,3, 16), (12, 3, 16, 16, 3), (12, 3,29, 3, 3), (12, 16, 3, 3, 16), (12, 16, 3, 16, 3),

(12,16, 16, 3, 3), (12,29, 3, 3, 3), (16,4, 4,4, 17), (16, 4,4,17,4), (16,4, 17, 4,4), (16, 17,4, 4, 4),
(3,4,4,4,30), (3,4,4,17,17), (3,4,4,30,4), (3,4,17,4,17), (3,4, 17,17, 4),

(3,4,30,4,4), (3,17,4,4,17), (3,17,4,17,4), (3, 17,17, 4,4), (3,30, 4, 4, 4),

(7,5,5,5,18), (7,5, 5, 18, 5), (7, 5, 18,5, 5), (7, 18, 5,5, 5), (17, 1, 1, 1, 40), (17, 1, 1, 14, 27),
(17,1,1,27,14), (17,1, 1,40, 1), (17,1, 14, 1,27), (17, 1, 14, 14, 14), (17, 1, 14, 27, 1),
(17,1,27,1,14), (17,1,27,14, 1), (17,1,40,1,1), (17,14, 1, 1, 27), (17, 14, 1, 14, 14),
(17,14,1,27,1), (17,14, 14, 1, 14), (17, 14, 14, 14, 1), (17, 14, 27,1, 1), (17, 27,1, 1, 14),
(17,27,1,14,1), (17,27,14, 1, 1), (17,40,1,1,1), (4,1,1,1, 53), (4, 1, 1, 14, 40), (4, 1, 1, 27, 27),
(4,1,1,40,14), (4,1, 1,53,1), (4,1, 14, 1, 40), (4, 1, 14, 14, 27), (4, 1, 14, 27, 14), (4, 1, 14, 40, 1),
(4,1,27,1,27), (4,1,27,14, 14), (4, 1, 27,27, 1), (4, 1,40, 1, 14), (4, 1, 40, 14, 1),

(4,1,53,1,1), (4,14, 1, 1, 40), (4, 14, 1, 14, 27), (4, 14, 1, 27, 14), (4, 14, 1, 40, 1),
(4,14,14,1,27), (4,14, 14, 14, 14), (4, 14,14, 27, 1), (4, 14,27, 1, 14), (4, 14, 27, 14, 1),
(4,14,40,1,1), (4,27,1,1,27), (4, 27,1, 14, 14), (4,27, 1,27, 1), (4,27, 14, 1, 14),
(4,27,14,14,1), (4, 27,27,1,1), (4,40, 1, 1, 14), (4, 40, 1, 14, 1), (4, 40, 14, 1, 1),
(4,53,1,1,1),(8,2,2,2,41), (8,2,2,15,28), (8, 2, 2, 28, 15), (8,2, 2,41,2), (8, 2, 15, 2, 28),
(8,2, 15,15, 15), (8, 2, 15, 28, 2), (8, 2, 28, 2, 15), (8, 2, 28, 15, 2), (8, 2,41, 2, 2),

(8,15,2,2,28), (8,15,2, 15, 15), (8, 15, 2, 28, 2), (8, 15, 15, 2, 15), (8, 15, 15, 15, 2),
(8,15,28,2,2),(8,28,2,2,15), (8,28, 2, 15,2), (8, 28, 15, 2, 2), (8, 41, 2, 2, 2)

F(POO7POZ)2)P0b37P0b47P0b57P0b6) =

(43,1,1,1,1,1),(30,1,1,1,1,14),(30,1,1,1,14,1),(30,1,1,14,1,1),
(30,1,14,1,1,1),(30,14,1,1,1,1), (34,2,2,2,2,2), (21,2,2, 2,2, 15),
(21,2,2,2,15,2), (21,2,2,15,2,2), (21,2,15,2,2,2), (21, 15,2,2,2,2),
(25,3,3,3,3,3),(12,3,3,3,3,16), (12,3, 3, 3, 16, 3),(12 3,3,16,3,3),
(12,3,16,3,3,3), (12,16, 3,3,3,3), (16,4,4,4,4,4) (3,4,4,4,4, 17)
(3,4,4,4,17,4), (3,4,4,17,4,4),(3,4,17,4,4,4), (3,17, 4,4, 4 4)
(7.5,5,5,5,5), (17,1,1,1,1,27), (17,1,1,1, 14, 14), (1 7,1,1,1,27,1),
(17,1,1,14,1,14), (17,1,1,14,14,1), (17,1, 1,27,1,1), (17,1, 14,1, 1, 14),
(17,1,14,1,14,1), (17,1, 14,14 ,1,1),(17,1,27,1,1,1), (17,14,1,1, 1, 14),
(17,14,1,1,14,1), (17, 14,114 ,1,1),(17,14,14,1,1,1), (17,27,1,1,1, 1),
(4,1,1,1,1,40), (4,1,1,1, 14,2 ),(4,1,1,1,27,14),(4,1,1,1,4 ,1),
(4,1,1,14,1,27), (4,1, 1,14, 14 ,14),(4,1,1,14,27,1), (4,1,1,27, 1, 14),
(4,1,1,27,14,1), (4,1,1,40,1,1), (4,1,14,1,1,27), (4, 1,14, 1, 14, 14),
(4,1,14,1,27,1), (4,1,14, 14,1, 14), (4,1, 14, 14, 14, 1), (4,1, 14, 27, 1, 1),
(4,1,27,1,1,14), (4,1,27,1,14,1), (4,1 27.14,1 1),(4,1,4 ,1,1,1),
(4,14,1,1,1,27), (4,14, 1,1, 14, 14), (4, 14,1,1,27,1),(4, 14,1,14,1, 14),
(4,14,1,14,14,1), (4,14,1,27,1,1), (4,14,14,1, 1, 14), (4,14, 14,1, 14, 1),
(4,14,14,14,1,1), (4,14,27,1,1,1), (4,27, 1,1,1, 14), (4,27,1,1, 14, 1),
(4,27,1,14,1,1), (4,27,14,1,1,1), (4,40, 1,1,1,1), (8,2, 2, 2,2, 28),
(8,2,2,2,15,15), (8,2,2,2,28,2), (8,2,2,15,2,15), (8,2, 2,15, 15, 2),
(8,2,2,28,2,2),(8,2,15,2,2,15), (8,2,15,2,15,2), (8,2, 15,15, 2, 2),
(8,2,28,2,2,2),(8,15,2,2,2,15), (8,15,2,2,15,2), (8, 15,2, 15,2, 2),
(8,15,15,2,2,2), (8,28,2,2,2,2)
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F(POOaPObz7POb33POb47P0b5aP0b67P0b7) =

(30,1,1,1,1,1,1), (21,2,2,2,2,2,2), (12,3,3,3,3,3,3),
(3,4,4,4,4,4,4),(17,1,1,1,1,1,14), (17,1,1,1,1, 14, 1),
(17,1,1,1,14,1,1), (17,1,1,14,1, 1, 1), (17,1,14,1,1,1,1),
(17,14,1,1,1,1,1), (4,1,1,1,1,1,27), (4,1,1,1,1, 14, 14),
(4,1,1.1,1.27, 1), (4,1,1,1, 14, 1,14). (4,1, 1,1, 14, 14, 1),
(41,1.1,27,1.1), (4,1,1,14,1, 1,14, (4,1, 1,14, 1, 14, 1),
(4,1,1,14,14,1, 1), (4,1,1,27,1,1,1), (4,1,14,1, 1, 1, 14),
(4,1,14,1,1,14,1), (4,1,14,1,14, 1, 1), (4,1,14,14,1,1,1),
(4,1,27,1,1,1,1), (4,14,1,1,1,1,14), (4,14,1,1,1,14, 1),
(4,14,1,1,14,1,1), (4,14,1,14,1,1,1), (4, 14,14,1,1,1,1),
(4,27,1,1,1,1,1), (8,2,2,2,2,2, 15), (8,2, 2,2, 2,15, 2),
(8,2,2,2,15,2,2), (8,2,2,15,2,2,2), (8,2,15,2,2,2,2),
(8,15,2,2,2,2,2)
I' (Psc, Povy s Pobg > Povs > Povs » Povs s Povs s Pobg) =

(17.1,1,1,1,1,1,1), (4,1,1,1,1,1,1,14), (4,1, 1,1, 1, 1, 14, 1),

(4,1,1,1,1,14,1,1), (4,1,1,1,14,1,1,1), (4,1,1,14,1,1,1,1), },

(4,1,14,1,1,1,1,1), (4,14,1,1,1,1,1,1), (8,2,2,2,2,2,2, 2)

F(POO7POb27P0b37P0b47P0b57P0b67P0b77P0b87P0b9) =

and

[G]
[HK]

(K]

{(4,1,1,1,1,1,1,1,1) },

F(POO7P0b27P0b37P0b47P0b57P0b67P0b77P0b87P0b97P0b10) = @
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