
Minimal generating sets of Weierstrass semigroups of certain
m-tuples on the norm-trace function field

Gretchen L. Matthews and Justin D. Peachey

Abstract. The norm-trace function field is a generalization of the Hermitian

function field which is of importance in coding theory. In this paper, we

determine the minimal generating set of the Weierstrass semigroup of the m-
tuple

(
P∞, P0b2 , . . . , P0bm

)
of places on the norm-trace function field.

1. Introduction

Let q be a power of a prime and r be an integer with r ≥ 2. Consider the
function field Fqr (x, y) /Fqr where

NFqr/Fq
(x) = TrFqr/Fq

(y) ,

meaning the norm of x with respect to the extension Fqr/Fq is equal to the trace of
y with respect to the extension Fqr/Fq. This function field is called the norm-trace
function field. If r = 2, then the norm-trace function field coincides with the well-
studied Hermitian function field. The norm-trace function field was first studied
by Geil in [G] where he considered evaluation codes and one-point algebraic geom-
etry codes constructed from this function field. More recently, Munuera, Tizziotti,
and Torres [MTT] examined two-point algebraic geometry codes and associated
Weierstrass semigroups on the norm-trace function field.

Given an algebraic function field F/F, where F is a finite field, and distinct
places P1, . . . , Pm of F of degree one, the Weierstrass semigroup of the m-tuple
(P1, . . . , Pm) is

H(P1, . . . , Pm) =

{
(α1, . . . , αr) ∈ Nm : ∃f ∈ F with (f)∞ =

r∑
i=1

αiPi

}
,

where (f)∞ denotes the divisor of poles of f and N denotes the set of nonnegative
integers. The Weierstrass gap set G(P1, . . . , Pm) of the m-tuple (P1, . . . , Pm) is
defined by

G(P1, . . . , Pm) = Nm \H(P1, . . . Pm).

Key words and phrases. Weierstrass semigroup, norm-trace function field, Hermitian function
field.
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In this paper, we determine the minimal generating set of the Weierstrass semigroup
H (P∞, P0b2 , . . . , P0bm) on the norm-trace function field for any m, 2 ≤ m ≤ qr−1 +
1.

This paper is organized as follows. This section concludes with notation utilized
in the paper. Section 2 contains relevant background on the norm-trace function
field. The main result is found in Section 3. This paper concludes with examples
given in Section 4

Notation. The set of integers is denoted Z, and Z+ denotes the set of positive
integers. As usual, given v ∈ Zm where m ∈ Z+, the ith coordinate of v is denoted
by vi. Define a partial order � on Zm by (n1, . . . , nm) � (p1, . . . , pm) if and only
if ni ≤ pi for all i, 1 ≤ i ≤ m. When comparing elements of Zm, we will always do
so with respect to the partial order �. We use the notation n ≺ p to mean n � p
and n 6= p.

Given a prime power q, Fq denotes the field with q elements. Let F/Fq be an
algebraic function field. The divisor of a function f ∈ F \ {0} is denoted by (f).

2. Preliminaries on the norm-trace function field

In this section, we review the necessary background on the norm-trace function
field; additional details may be found in [G].

Consider the norm-trace function field F := Fqr (x, y) /Fqr which has defining
equation

yq
r−1

+ yq
r−2

+ · · ·+ y = xa+1

where a := qr−1
q−1 − 1, q is a power of a prime, and r ≥ 2 is an integer. The genus

of F/Fqr is g =
a(qr−1−1)

2 . For each α ∈ Fqr , there are qr−1 elements β ∈ Fqr such
that

(2.1) NFqr/Fq
(α) = TrFqr/Fq

(β) .

For every pair (α, β) ∈ F2
qr satisfying Equation (2.1), there is a place Pαβ of F of

degree one which is the common zero of x − α and y − β. In fact, the places of
F of degree one are precisely these Pαβ and P∞, the common pole of x and y. In
particular, there are qr−1 places P0b with b ∈ B where

B :=
{
b ∈ Fqr : TrFqr/Fq

(b) = 0
}
.

In determining the Weierstrass semigroups H (P∞) and H (P0b), for b ∈ B, on
the norm-trace function field, the following principal divisors are quite useful:

(x) =
∑
b∈B

P0b − qr−1P∞

and for any b ∈ B,
(y − b) = (a+ 1)P0b − (a+ 1)P∞.

Combining these with the fact that |G (P ) | = g for any place P of degree one, it
can be shown that gap set of the infinite place is

G (P∞) =

(qr−1 − i+ j − 1
)
(a+ 1)− jqr−1 :

1 ≤ j ≤ i ≤ a− s and
(s− 1) (q − 1) ≤ i− j < s (q − 1)
where 1 ≤ s ≤ a+ 1− qr−1


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and the gap set of any place P0b where b ∈ B is

G(P0b) =

(i− j)(a+ 1) + j :
1 ≤ j ≤ i ≤ a− s and
(s− 1)(q − 1) ≤ i− j < s(q − 1)
where 1 ≤ s ≤ a+ 1− qr−1

 .

Moreover, each element of the gap set G (P∞) has a unique representation of the
form above; specifically if

(qr−1 − i+ j − 1)(a+ 1)− jqr−1 = (qr−1 − i′ + j′ − 1)(a+ 1)− j′qr−1,

where 1 ≤ j, j′ ≤ a− 1, then

i′ = i and j′ = j.

A similar fact holds for elements of the gap set G (P0b) where b ∈ B. Additional
details may be found in [G], [MTT], and [M09].

3. Weierstrass semigroups on the norm-trace function field

In this section, we determine the minimal generating set of the Weierstrass
semigroup H (P∞, P0b2 , . . . , P0bm

) on the norm-trace function field for any m, 2 ≤
m ≤ qr−1, and any distinct bi ∈ B.

Definition 3.1. Let P1, . . . , Pm be m distinct places of degree one of an alge-
braic function field of F/F. Set Γ (P1) := H (P1); for m ≥ 2, set

Γ(P1, . . . , Pm) :=
{

n ∈ Zm+ :
n is minimal in {p ∈ H (P1, . . . , Pm) : pi = ni}
for some i, 1 ≤ i ≤ m

}
.

In [M04] it is shown that if 2 ≤ m ≤ |F|, then H (P1, . . . , Pm) =lub{u1, . . . ,um} :
ui ∈ Γ (P1, . . . ,Pm) or (ui1 , . . . ,uik) ∈ Γ (Pi1 , . . . ,Pik)
for some {i1, . . . , im} = {1, . . . ,m} such that i1 < · · · < ik
and uik+1 = · · · = uim = 0 for some 1 ≤ k < m


where

lub{u1, . . . ,um} = (max {u11 , . . . ,um1}, . . . ,max{u1m , . . . ,umm}) ∈ Nm

is least upper bound of the vectors u1, . . . ,um ∈ Nm. The set Γ(P1, . . . , Pm)
is called the minimal generating set of the Weierstrass semigroup H(P1, . . . , Pm).
Hence, to determine the entire Weierstrass semigroup H(P1, . . . , Pm), one only
needs to determine the minimal generating sets Γ (Pi1 , . . . , Pik). The next lemma
aids in finding such sets.

Lemma 3.2. [M04] Let F/F be an algebraic function field where F is a finite
field. Suppose P1, . . . , Pm are distinct places of F/F of degree one and 2 ≤ m ≤| F |.
Then

(1) Γ (P1, . . . , Pm) ⊆ G (P1)× · · · ×G (Pm) .

(2) Γ (P1, . . . , Pm) =

n ∈ Zm+ :
n is minimal in
{p ∈ H (P1, . . . , Pm) : pi = ni}
for all i, 1 ≤ i ≤ m

 .

We aim to find Γ (P∞, P0b2 , . . . , P0bm
) on the norm-trace function field. The

case m = 2 appears in [MTT] and is recorded here as the next lemma.
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Lemma 3.3. [MTT] Let b ∈ B. The minimal generating set of the Weierstrass
semigroup of the pair (P∞, P0b) of places on the norm-trace function field over Fqr

is

Γ (P∞, P0b) =

vij :
1 ≤ j ≤ i ≤ a− s,
(s− 1) (q − 1) ≤ i− j ≤ s (q − 1)− 1
for some 1 ≤ s ≤ a+ 1− qr−1


where

vij :=
(
(a+ 1)

(
qr−1 − i+ j − 1

)
− jqr−1, (a+ 1) (i− j) + j

)
.

Utilizing the two lemmas above, we next prove the main result.

Theorem 3.4. Suppose 2 ≤ m ≤ qr−1 + 1. The minimal generating set of the
Weierstrass semigroup of the m-tuple (P∞, P0b2 , . . . , P0bm) of places of the norm-
trace function field over Fqr is

Γ(P∞, P0b2 , . . . , P0bm) =

γj,t :

m∑
k=2

tk = i− j + 1, tk ∈ Z+, 1 ≤ j ≤ i ≤ a− s,

(s− 1)(q − 1) ≤ i− j ≤ s(q − 1)− 1
where 1 ≤ s ≤ a+ 1− qr−1


where

γj,t =

((
qr−1 −

m∑
k=2

tk

)
(a+ 1)− jqr−1, (t2 − 1)(a+ 1) + j, . . . , (tm − 1)(a+ 1) + j

)
.

Proof. For 2 ≤ m ≤ qr−1 + 1, set

Sm :=

γj,t :

m∑
k=2

tk = i− j + 1, ti ∈ Z+, 1 ≤ j ≤ i ≤ a− s,

(s− 1)(q − 1) ≤ i− j ≤ s(q − 1)− 1
where 1 ≤ s ≤ a+ 1− qr−1

 .

When convenient, we write Hm to mean H(P∞, P0b2 , . . . , P0bm) and Γm to mean
Γ(P∞, P0b2 , . . . , P0bm

), m ≥ 2. We prove that Sm = Γm by induction on m. By
Lemma 3.3, S2 = Γ2. Assume that Γl = Sl for 2 ≤ l ≤ m− 1. First, we show that
Sm ⊆ Γm.

Let s := γj,t ∈ Sm. Hence,

s1 =

(
qr−1 −

m∑
i=2

ti

)
(a+ 1)− jqr−1,

and for 2 ≤ i ≤ m,
si = (ti − 1)(a+ 1) + j.

Then s ∈ Hm, since

 xa+1−j

m∏
i=2

(y−bi)ti


∞

=

((
qr−1 −

m∑
i=2

ti

)
(a+ 1)− jqr−1

)
P∞ +

m∑
i=2

((ti − 1)(a+ 1) + j)P0bi
.

It remains to show that s ∈ Γm.
Let Q1 := {p ∈ Hm : p1 = s1}. Then s ∈ Q1. We claim that s is minimal in

Q1. Suppose not; that is, suppose there exists w ∈ Q1 such that

w ≺ s.
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Then there exists f ∈ F with divisor

(f) = A− (w1P∞ + w2P0b2 + · · ·+ wmP0bm)

where A is effective. Clearly, wi ≤ si for 1 ≤ i ≤ m and wi < si for some 2 ≤ i ≤ m.
We may assume w2 < s2 as a similar argument holds for any other i. Then

w2 = (t2 − 1)(a+ 1) + j − k
for some k ∈ Z+.

Suppose that j ≤ k. Notice that(
f (y − b2)t2−1

)
= A′ − (w1 + (t2 − 1)(a+ 1))P∞ − (j − k)P0b2 −

m∑
k=3

wkP0bk

where A′ is an effective divisor. Then

v := (w1 + (t2 − 1)(a+ 1), w3, . . . , wm) ∈ H (P∞, P0b3 , . . . , P0bm
)

since j − k ≤ 0. Now, since

w1 + (t2 − 1)(a+ 1) =

(
qr−1 −

(
1 +

m∑
i=3

ti

))
(a+ 1)− jqr−1,

we obtain that

v �
((

qr−1 −
m∑

i=3

t′i

)
(a+ 1)− jqr−1, (t′3 − 2)(a+ 1) + j, . . . , (t′m − 1)(a+ 1) + j

)
≺ γj,(t′3,...,t′m),

where t′3 = t3 + 1 and t′i = ti for 4 ≤ i ≤ m. We claim that

γj,(t′3,...,t′m) ∈ Γ (P∞, P0b3 , . . . , P0bm
) .

To see this, let i′ =
m∑
i=3

t′i + j − 1. Then, i′ − j + 1 =
m∑
i=3

t′i. First, note

that
m∑
i=3

t′i ≤
m∑
i=2

ti. Thus, i′ − j + 1 ≤ i − j + 1. Hence, i′ ≤ i ≤ a − s and

i′ − j ≤ i − j. Thus, we can find an sl such that 1 ≤ sl ≤ s ≤ a + 1 − qr−1 and
(sl − 1)(q − 1) ≤ i − j ≤ sl(q − 1) − 1. Furthermore, i′ ≤ a − s ≤ a − sl. Also,

i′ + 1 =
m∑
i=3

t′i + j implies i′ > j. Thus, we have that

v ≺ γj,(t′3,...,t′m)

and
γj,(t′3,...,t′m) ∈ Γ (P∞, P0b3 , . . . , P0bm

)
which is a contradiction. Hence, it must be that j > k.

Now, note that
(
fxj−k(y − b2)t2−1

)
=

A′′ − (w1 + (t2 − 1)(a+ 1) + (j − k)qr−1)P∞ −
m∑
i=3

(wi − (j − k))P0bi .

where A′′ is an effective divisor. Set

v :=

((
qr−1 −

m∑
i=3

ti − 1

)
(a+ 1)− kqr−1, w3 − (j − k) , . . . , wm − (j − k)

)
.

Then v ∈ Hm. An argument similar to that above shows

v ≺ γk,(t′3,...,t′m),
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where t′3 = t3 + 1 and t′i = ti for 4 ≤ i ≤ m, and

γk,(t′3,...,t′m) ∈ Γ (P∞, P0b3 , . . . , P0bm) ,

which is a contradiction. This proves that s is minimal in Q1. Hence, s ∈ Γm, and
it follows that Sm ⊆ Γm.

Next, we show that Γm ⊆ Sm. Let n ∈ Γm. By Lemma 3.2(1),

n ∈ G(P∞)×G(P0b2)× · · · ×G(P0bm).

According to Lemma 3.3, this implies

n1 = (a+ 1)(qr−1 − i1 + j1 − 1)− j1qr−1, and
nl = (a+ 1)(il − jl) + jl, for 2 ≤ l ≤ m,

where for all l, 2 ≤ l ≤ m,

1 ≤ jl ≤ il ≤ a− sl,
(sl − 1)(q − 1) ≤ il − jl ≤ sl(q − 1)− 1, for some sl,
1 ≤ sl ≤ a+ 1− qr−1.

We may assume without loss of generality that

j2 = min{jl : 2 ≤ l ≤ m}

since the argument is similar for any jl where jl = min{jl : 2 ≤ l ≤ m}. Then there
exists h ∈ F with

(h)∞ = n1P∞ +
m∑
k=2

nkP0bk
.

This implies
(
h
∏m
k=3(y − bk)ik−jk+1

)
∞ =(

n1 + (a+ 1)
m∑
k=3

(ik − jk) + (a+ 1)(m− 2)

)
P∞ − n2P0b2 ,

and

v :=

(
n1 + (a+ 1)

m∑
k=3

(ik − jk + 1), n2

)
∈ H (P∞, P0b2) .

By Lemma 3.2(2), there exists u ∈ Γ2 such that u � v and u2 = n2. Lemma 3.3
implies

u1 = (a+ 1)(qr−1 − i2 + j2 − 1)− j2qr−1.

Furthermore, u1 > n1; otherwise, (u1, u2, 0, . . . , 0) ≺ n, which contradicts the

minimality of n in {p ∈ Hm : p2 = n2}. Thus, n1 < u1 ≤ n1+(a+1)
m∑
k=3

(ik−jk+1).

Now, let

w := (w1, (i2 − j2)(a+ 1) + j2, (i3 − j3)(a+ 1) + j2, . . . , (im − jm)(a+ 1) + j2),

where

w1 = max

{
0, u1 − (a+ 1)

m∑
k=3

(ik − jk + 1)

}
,

and let h =
∏

b∈B\{b2,...,bm}(y−b)∏m
k=2(y−bk)ik−jkxj2

. Then (h)∞ = w1P∞ +
m∑
k=2

wkP0bk
. Thus, w ∈ Hm

and w � n. Hence,
w = n.
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As a result w1 = u1 − (a + 1)
m∑
k=3

(ik − jk + 1) > 0 and jl = j2 for all 3 ≤ l ≤ m.

Moreover,

i2 +
m∑
k=3

(ik − jk) + (m− 2) = i1 and j2 = j1

by the uniqueness of representation of elements of the gap sets G (P∞) and G (P0b).
Therefore,

n = γj2,(i2−j2+1,i3−j3+1,...,im−jm+1).

Finally, we must check that γj2,(i2−j2+1,i3−j3+1,...,im−jm+1) ∈ Γm. To do this, we
check that γj2,(i2−j2+1,i3−j3+1,...,im−jm+1) ∈ Sm. Note that

m∑
k=2

(ik − jk + 1) = i1 − j2 + 1,

1 ≤ j2 = j1 ≤ i1 ≤ a− s, and

which means
(s− 1)(q − 1) ≤ i1 − j2 ≤ s(q − 1)− 1

where 1 ≤ s ≤ a + 1 − qr−1. Therefore, Γm ⊆ Sm. Thus, Γm = Sm proving the
desired description of Γ(P∞, P0b2 , . . . , P0bm

). �

4. Examples

In this section, we consider two examples.

Example 4.1. Consider the norm-trace function field F/Fqr with r = 2. Then
a = q and F/Fq2 is the Hermitian function field which has defining equation

yq + y = xq+1.

Taking m = 2 in Theorem 3.4 gives the minimal generating set of Γ (P∞, P0b2).
Because the automorphism group of F is doubly-transitive,

Γ (P1, P2) = Γ (P∞, P0b2)

for any pair (P1, P2) of distinct degree one places of the Hermitian function field.
This result first appeared as [M01, Theorem 3.4].

More generally, the minimal generating set of the Weierstrass semigroup of the
m-tuple (P∞, P0b2 , . . . , P0bm

) of places of degree one of the Hermitian function field
over Fq2 is

Γm =

γj,t :

m∑
k=2

tk = i− j + 1, ti ∈ Z+, 1 ≤ j < i ≤ q − 1,

0 ≤ i− j ≤ q − 2


where

γj,t =

((
q −

m∑
i=k

tk

)
(q + 1)− jq, (t2 − 1)(q + 1) + j, . . . , (tm − 1)(q + 1) + j

)
.

This result first appeared as [M04, Theorem 10]. We also note that [MMP]
contains some results related to m-tuples on the Hermitian function field.
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Example 4.2. Let F27 = F3(ω) where ω3−ω+1 = 0. The norm-trace function
field with q = 3 and r = 3 is F27(x, y)/F27 where

y9 + y3 + y − x13.

The genus of F27(x, y)/F27 is 48, and there are exactly 9 places of F27(x, y)/F27 of
the form P0b:

P00, P01, P02, P0ω, P0ω3 , P0ω9 , P0ω14 , P0ω16 , P0ω22 .

Then

G(P∞) =

 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 14, 15, 16, 17, 19, 20, 21, 23, 24, 25, 28,
29, 30, 32, 33, 34, 37, 38, 41, 42, 43, 46, 47, 50, 51, 55, 56, 59, 60, 64,
68, 69, 73, 77, 82, 86, 95

 ,

and for all m, 2 ≤ m ≤ 10,

G(P0bm
) =

 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 27,
28, 29, 30, 31, 32, 33, 34, 40, 41, 42, 43, 44, 45, 46, 53, 54, 55, 56, 57,
66, 67, 68, 69, 79, 80, 92

 .

Taking m = 2 in Theorem 3.4 yields Γ (P∞, P0b2) =

(1, 23), (2, 46), (3, 69), (4, 92), (5, 11), (6, 34), (7, 57), (8, 80), (10, 22),
(11, 45), (12, 68), (14, 10), (15, 33), (16, 56), (17, 79), (19, 21), (20, 44),
(21, 67), (23, 9), (24, 32), (25, 55), (28, 20), (29, 43), (30, 66), (32, 8), (33, 31),
(34, 54), (37, 19), (38, 42), (41, 7), (42, 30), (43, 53), (46, 18), (47, 41), (50, 6),
(51, 29), (55, 17), (56, 40), (59, 5), (60, 28), (64, 16), (68, 4), (69, 27),
(73, 15), (77, 3), (82, 14), (86, 2), (95, 1)


;

this also follows from Lemma 3.3. Figure 1 illustrates how the minimal generating
set Γ (P∞, P0b2) is related to the semigroup H (P∞, P0b2). In particular, the ele-
ments of Γ (P∞, P0b2) are shown in bold as are the elements of Γ (P∞)∩ [0, 2g] and
Γ (P0b2) ∩ [0, 2g].

Taking m = 3 in Theorem 3.4 gives Γ (P∞, P0b2 , P0b3) =

(1, 10, 10), (2, 7, 33), (2, 20, 20), (2, 33, 7), (3, 4, 56), (3, 17, 43),
(3, 30, 30), (3, 43, 17), (3, 56, 4), (4, 1, 79), (4, 14, 66), (4, 27, 53),
(4, 40, 40), (4, 53, 27), (4, 66, 14), (4, 79, 1), (6, 8, 21), (6, 21, 8),
(7, 5, 44), (7, 18, 31), (7, 31, 18), (7, 44, 5), (8, 2, 67), (8, 15, 54),
(8, 28, 41), (8, 41, 28), (8, 54, 15), (8, 67, 2), (10, 9, 9), (11, 6, 32),
(11, 19, 19), (11, 32, 6), (12, 3, 55), (12, 16, 42), (12, 29, 29), (12, 42, 16),
(12, 55, 3), (15, 7, 20), (15, 20, 7), (16, 4, 43), (16, 17, 30), (16, 30, 17),
(16, 43, 4), (17, 1, 66), (17, 14, 53), (17, 27, 40), (17, 40, 27), (17, 53, 14),
(17, 66, 1), (19, 8, 8), (20, 5, 31), (20, 18, 18), (20, 31, 5), (21, 2, 54),
(21, 15, 41), (21, 28, 28), (21, 41, 15), (21, 54, 2), (24, 6, 19), (24, 19, 6),
(25, 3, 42), (25, 16, 29), (25, 29, 16), (25, 42, 3), (28, 7, 7), (29, 4, 30),
(29, 17, 17), (29, 30, 4), (30, 1, 53), (30, 14, 40), (30, 27, 27), (30, 40, 14),
(30, 53, 1), (33, 5, 18), (33, 18, 5), (34, 2, 41), (34, 15, 28), (34, 28, 15),
(34, 41, 2), (37, 6, 6), (38, 3, 29), (38, 16, 16), (38, 29, 3), (42, 4, 17),
(42, 17, 4), (43, 1, 40), (43, 14, 27), (43, 27, 14), (43, 40, 1), (46, 5, 5),
(47, 2, 28), (47, 15, 15), (47, 28, 2), (51, 3, 16), (51, 16, 3), (55, 4, 4),
(56, 1, 27), (56, 14, 14), (56, 27, 1), (60, 2, 15), (60, 15, 2), (64, 3, 3),
(69, 1, 14), (69, 14, 1), (73, 2, 2), (82, 1, 1)



,

as shown in [M09].
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Figure 1. H (P∞, P0b2) ∩ [0, 2g]2

Considering 4 ≤ m ≤ 10 in Theorem 3.4 gives Γ (P∞, P0b2 , P0b3 , P0b4) =



(69, 1, 1, 1), (56, 1, 1, 14), (56, 1, 14, 1), (56, 14, 1, 1), (60, 2, 2, 2), (47, 2, 2, 15),
(47, 2, 15, 2), (47, 15, 2, 2), (51, 3, 3, 3), (38, 3, 3, 16), (38, 3, 16, 3), (38, 16, 3, 3),
(42, 4, 4, 4), (29, 4, 4, 17), (29, 4, 17, 4), (29, 17, 4, 4), (33, 5, 5, 5), (20, 5, 5, 18),
(20, 5, 18, 5), (20, 18, 5, 5), (24, 6, 6, 6), (11, 6, 6, 19), (11, 6, 19, 6), (11, 19, 6, 6),
(15, 7, 7, 7), (2, 7, 7, 20), (2, 7, 20, 7), (2, 20, 7, 7), (6, 8, 8, 8), (43, 1, 1, 27),
(43, 1, 14, 14), (43, 1, 27, 1), (43, 14, 1, 14), (43, 14, 14, 1), (43, 27, 1, 1), (30, 1, 1, 40),
(30, 1, 14, 27), (30, 1, 27, 14), (30, 1, 40, 1), (30, 14, 1, 27), (30, 14, 14, 14), (30, 14, 27, 1),
(30, 27, 1, 14), (30, 27, 14, 1), (30, 40, 1, 1), (34, 2, 2, 28), (34, 2, 15, 15), (34, 2, 28, 2),
(34, 15, 2, 15), (34, 15, 15, 2), (34, 28, 2, 2), (21, 2, 2, 41), (21, 2, 15, 28), (21, 2, 28, 15),
(21, 2, 41, 2), (21, 15, 2, 28), (21, 15, 15, 15), (21, 15, 28, 2), (21, 28, 2, 15), (21, 28, 15, 2),
(21, 41, 2, 2), (25, 3, 3, 29), (25, 3, 16, 16), (25, 3, 29, 3), (25, 16, 3, 16), (25, 16, 16, 3),
(25, 29, 3, 3), (12, 3, 3, 42), (12, 3, 16, 29), (12, 3, 29, 16), (12, 3, 42, 3), (12, 16, 3, 29),
(12, 16, 16, 16), (12, 16, 29, 3), (12, 29, 3, 16), (12, 29, 16, 3), (12, 42, 3, 3), (16, 4, 4, 30),
(16, 4, 17, 17), (16, 4, 30, 4), (16, 17, 4, 17), (16, 17, 17, 4), (16, 30, 4, 4), (3, 4, 4, 43),
(3, 4, 17, 30), (3, 4, 30, 17), (3, 4, 43, 4), (3, 17, 4, 30), (3, 17, 17, 17), (3, 17, 30, 4),
(3, 30, 4, 17), (3, 30, 17, 4), (3, 43, 4, 4), (7, 5, 5, 31), (7, 5, 18, 18), (7, 5, 31, 5),
(7, 18, 5, 18), (7, 18, 18, 5), (7, 31, 5, 5), (17, 1, 1, 53), (17, 1, 14, 40), (17, 1, 27, 27),
(17, 1, 40, 14), (17, 1, 53, 1), (17, 14, 1, 40), (17, 14, 14, 27), (17, 14, 27, 14), (17, 14, 40, 1),
(17, 27, 1, 27), (17, 27, 14, 14), (17, 27, 27, 1), (17, 40, 1, 14), (17, 40, 14, 1), (17, 53, 1, 1),
(4, 1, 1, 66), (4, 1, 14, 53), (4, 1, 27, 40), (4, 1, 40, 27), (4, 1, 53, 14), (4, 1, 66, 1),
(4, 14, 1, 53), (4, 14, 14, 40), (4, 14, 27, 27), (4, 14, 40, 14), (4, 14, 53, 1), (4, 27, 1, 40),
(4, 27, 14, 27), (4, 27, 27, 14), (4, 27, 40, 1), (4, 40, 1, 27), (4, 40, 14, 14), (4, 40, 27, 1),
(4, 53, 1, 14), (4, 53, 14, 1), (4, 66, 1, 1), (8, 2, 2, 54), (8, 2, 15, 41), (8, 2, 28, 28),
(8, 2, 41, 15), (8, 2, 54, 2), (8, 15, 2, 41), (8, 15, 15, 28), (8, 15, 28, 15), (8, 15, 41, 2),
(8, 28, 2, 28), (8, 28, 15, 15), (8, 28, 28, 2), (8, 41, 2, 15), (8, 41, 15, 2), (8, 54, 2, 2)



,
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Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5) =



(56, 1, 1, 1, 1), (47, 2, 2, 2, 2), (38, 3, 3, 3, 3), (29, 4, 4, 4, 4), (20, 5, 5, 5, 5), (11, 6, 6, 6, 6),
(2, 7, 7, 7, 7), (43, 1, 1, 1, 14), (43, 1, 1, 14, 1), (43, 1, 14, 1, 1), (43, 14, 1, 1, 1), (30, 1, 1, 1, 27),
(30, 1, 1, 14, 14), (30, 1, 1, 27, 1), (30, 1, 14, 1, 14), (30, 1, 14, 14, 1), (30, 1, 27, 1, 1),
(30, 14, 1, 1, 14), (30, 14, 1, 14, 1), (30, 14, 14, 1, 1), (30, 27, 1, 1, 1), (34, 2, 2, 2, 15),
(34, 2, 2, 15, 2), (34, 2, 15, 2, 2), (34, 15, 2, 2, 2), (21, 2, 2, 2, 28), (21, 2, 2, 15, 15),
(21, 2, 2, 28, 2), (21, 2, 15, 2, 15), (21, 2, 15, 15, 2), (21, 2, 28, 2, 2), (21, 15, 2, 2, 15),
(21, 15, 2, 15, 2), (21, 15, 15, 2, 2), (21, 28, 2, 2, 2), (25, 3, 3, 3, 16), (25, 3, 3, 16, 3),
(25, 3, 16, 3, 3), (25, 16, 3, 3, 3), (12, 3, 3, 3, 29), (12, 3, 3, 16, 16), (12, 3, 3, 29, 3),
(12, 3, 16, 3, 16), (12, 3, 16, 16, 3), (12, 3, 29, 3, 3), (12, 16, 3, 3, 16), (12, 16, 3, 16, 3),
(12, 16, 16, 3, 3), (12, 29, 3, 3, 3), (16, 4, 4, 4, 17), (16, 4, 4, 17, 4), (16, 4, 17, 4, 4), (16, 17, 4, 4, 4),
(3, 4, 4, 4, 30), (3, 4, 4, 17, 17), (3, 4, 4, 30, 4), (3, 4, 17, 4, 17), (3, 4, 17, 17, 4),
(3, 4, 30, 4, 4), (3, 17, 4, 4, 17), (3, 17, 4, 17, 4), (3, 17, 17, 4, 4), (3, 30, 4, 4, 4),
(7, 5, 5, 5, 18), (7, 5, 5, 18, 5), (7, 5, 18, 5, 5), (7, 18, 5, 5, 5), (17, 1, 1, 1, 40), (17, 1, 1, 14, 27),
(17, 1, 1, 27, 14), (17, 1, 1, 40, 1), (17, 1, 14, 1, 27), (17, 1, 14, 14, 14), (17, 1, 14, 27, 1),
(17, 1, 27, 1, 14), (17, 1, 27, 14, 1), (17, 1, 40, 1, 1), (17, 14, 1, 1, 27), (17, 14, 1, 14, 14),
(17, 14, 1, 27, 1), (17, 14, 14, 1, 14), (17, 14, 14, 14, 1), (17, 14, 27, 1, 1), (17, 27, 1, 1, 14),
(17, 27, 1, 14, 1), (17, 27, 14, 1, 1), (17, 40, 1, 1, 1), (4, 1, 1, 1, 53), (4, 1, 1, 14, 40), (4, 1, 1, 27, 27),
(4, 1, 1, 40, 14), (4, 1, 1, 53, 1), (4, 1, 14, 1, 40), (4, 1, 14, 14, 27), (4, 1, 14, 27, 14), (4, 1, 14, 40, 1),
(4, 1, 27, 1, 27), (4, 1, 27, 14, 14), (4, 1, 27, 27, 1), (4, 1, 40, 1, 14), (4, 1, 40, 14, 1),
(4, 1, 53, 1, 1), (4, 14, 1, 1, 40), (4, 14, 1, 14, 27), (4, 14, 1, 27, 14), (4, 14, 1, 40, 1),
(4, 14, 14, 1, 27), (4, 14, 14, 14, 14), (4, 14, 14, 27, 1), (4, 14, 27, 1, 14), (4, 14, 27, 14, 1),
(4, 14, 40, 1, 1), (4, 27, 1, 1, 27), (4, 27, 1, 14, 14), (4, 27, 1, 27, 1), (4, 27, 14, 1, 14),
(4, 27, 14, 14, 1), (4, 27, 27, 1, 1), (4, 40, 1, 1, 14), (4, 40, 1, 14, 1), (4, 40, 14, 1, 1),
(4, 53, 1, 1, 1), (8, 2, 2, 2, 41), (8, 2, 2, 15, 28), (8, 2, 2, 28, 15), (8, 2, 2, 41, 2), (8, 2, 15, 2, 28),
(8, 2, 15, 15, 15), (8, 2, 15, 28, 2), (8, 2, 28, 2, 15), (8, 2, 28, 15, 2), (8, 2, 41, 2, 2),
(8, 15, 2, 2, 28), (8, 15, 2, 15, 15), (8, 15, 2, 28, 2), (8, 15, 15, 2, 15), (8, 15, 15, 15, 2),
(8, 15, 28, 2, 2), (8, 28, 2, 2, 15), (8, 28, 2, 15, 2), (8, 28, 15, 2, 2), (8, 41, 2, 2, 2)



,

Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5 , P0b6) =



(43, 1, 1, 1, 1, 1), (30, 1, 1, 1, 1, 14), (30, 1, 1, 1, 14, 1), (30, 1, 1, 14, 1, 1),
(30, 1, 14, 1, 1, 1), (30, 14, 1, 1, 1, 1), (34, 2, 2, 2, 2, 2), (21, 2, 2, 2, 2, 15),
(21, 2, 2, 2, 15, 2), (21, 2, 2, 15, 2, 2), (21, 2, 15, 2, 2, 2), (21, 15, 2, 2, 2, 2),
(25, 3, 3, 3, 3, 3), (12, 3, 3, 3, 3, 16), (12, 3, 3, 3, 16, 3), (12, 3, 3, 16, 3, 3),
(12, 3, 16, 3, 3, 3), (12, 16, 3, 3, 3, 3), (16, 4, 4, 4, 4, 4), (3, 4, 4, 4, 4, 17),
(3, 4, 4, 4, 17, 4), (3, 4, 4, 17, 4, 4), (3, 4, 17, 4, 4, 4), (3, 17, 4, 4, 4, 4),
(7, 5, 5, 5, 5, 5), (17, 1, 1, 1, 1, 27), (17, 1, 1, 1, 14, 14), (17, 1, 1, 1, 27, 1),
(17, 1, 1, 14, 1, 14), (17, 1, 1, 14, 14, 1), (17, 1, 1, 27, 1, 1), (17, 1, 14, 1, 1, 14),
(17, 1, 14, 1, 14, 1), (17, 1, 14, 14, 1, 1), (17, 1, 27, 1, 1, 1), (17, 14, 1, 1, 1, 14),
(17, 14, 1, 1, 14, 1), (17, 14, 1, 14, 1, 1), (17, 14, 14, 1, 1, 1), (17, 27, 1, 1, 1, 1),
(4, 1, 1, 1, 1, 40), (4, 1, 1, 1, 14, 27), (4, 1, 1, 1, 27, 14), (4, 1, 1, 1, 40, 1),
(4, 1, 1, 14, 1, 27), (4, 1, 1, 14, 14, 14), (4, 1, 1, 14, 27, 1), (4, 1, 1, 27, 1, 14),
(4, 1, 1, 27, 14, 1), (4, 1, 1, 40, 1, 1), (4, 1, 14, 1, 1, 27), (4, 1, 14, 1, 14, 14),
(4, 1, 14, 1, 27, 1), (4, 1, 14, 14, 1, 14), (4, 1, 14, 14, 14, 1), (4, 1, 14, 27, 1, 1),
(4, 1, 27, 1, 1, 14), (4, 1, 27, 1, 14, 1), (4, 1, 27, 14, 1, 1), (4, 1, 40, 1, 1, 1),
(4, 14, 1, 1, 1, 27), (4, 14, 1, 1, 14, 14), (4, 14, 1, 1, 27, 1), (4, 14, 1, 14, 1, 14),
(4, 14, 1, 14, 14, 1), (4, 14, 1, 27, 1, 1), (4, 14, 14, 1, 1, 14), (4, 14, 14, 1, 14, 1),
(4, 14, 14, 14, 1, 1), (4, 14, 27, 1, 1, 1), (4, 27, 1, 1, 1, 14), (4, 27, 1, 1, 14, 1),
(4, 27, 1, 14, 1, 1), (4, 27, 14, 1, 1, 1), (4, 40, 1, 1, 1, 1), (8, 2, 2, 2, 2, 28),
(8, 2, 2, 2, 15, 15), (8, 2, 2, 2, 28, 2), (8, 2, 2, 15, 2, 15), (8, 2, 2, 15, 15, 2),
(8, 2, 2, 28, 2, 2), (8, 2, 15, 2, 2, 15), (8, 2, 15, 2, 15, 2), (8, 2, 15, 15, 2, 2),
(8, 2, 28, 2, 2, 2), (8, 15, 2, 2, 2, 15), (8, 15, 2, 2, 15, 2), (8, 15, 2, 15, 2, 2),
(8, 15, 15, 2, 2, 2), (8, 28, 2, 2, 2, 2)



,
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Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5 , P0b6 , P0b7) =

(30, 1, 1, 1, 1, 1, 1), (21, 2, 2, 2, 2, 2, 2), (12, 3, 3, 3, 3, 3, 3),
(3, 4, 4, 4, 4, 4, 4), (17, 1, 1, 1, 1, 1, 14), (17, 1, 1, 1, 1, 14, 1),
(17, 1, 1, 1, 14, 1, 1), (17, 1, 1, 14, 1, 1, 1), (17, 1, 14, 1, 1, 1, 1),
(17, 14, 1, 1, 1, 1, 1), (4, 1, 1, 1, 1, 1, 27), (4, 1, 1, 1, 1, 14, 14),
(4, 1, 1, 1, 1, 27, 1), (4, 1, 1, 1, 14, 1, 14), (4, 1, 1, 1, 14, 14, 1),
(4, 1, 1, 1, 27, 1, 1), (4, 1, 1, 14, 1, 1, 14), (4, 1, 1, 14, 1, 14, 1),
(4, 1, 1, 14, 14, 1, 1), (4, 1, 1, 27, 1, 1, 1), (4, 1, 14, 1, 1, 1, 14),
(4, 1, 14, 1, 1, 14, 1), (4, 1, 14, 1, 14, 1, 1), (4, 1, 14, 14, 1, 1, 1),
(4, 1, 27, 1, 1, 1, 1), (4, 14, 1, 1, 1, 1, 14), (4, 14, 1, 1, 1, 14, 1),
(4, 14, 1, 1, 14, 1, 1), (4, 14, 1, 14, 1, 1, 1), (4, 14, 14, 1, 1, 1, 1),
(4, 27, 1, 1, 1, 1, 1), (8, 2, 2, 2, 2, 2, 15), (8, 2, 2, 2, 2, 15, 2),
(8, 2, 2, 2, 15, 2, 2), (8, 2, 2, 15, 2, 2, 2), (8, 2, 15, 2, 2, 2, 2),
(8, 15, 2, 2, 2, 2, 2)



,

Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5 , P0b6 , P0b7 , P0b8) = (17, 1, 1, 1, 1, 1, 1, 1), (4, 1, 1, 1, 1, 1, 1, 14), (4, 1, 1, 1, 1, 1, 14, 1),
(4, 1, 1, 1, 1, 14, 1, 1), (4, 1, 1, 1, 14, 1, 1, 1), (4, 1, 1, 14, 1, 1, 1, 1),
(4, 1, 14, 1, 1, 1, 1, 1), (4, 14, 1, 1, 1, 1, 1, 1), (8, 2, 2, 2, 2, 2, 2, 2)

 ,

Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5 , P0b6 , P0b7 , P0b8 , P0b9) ={
(4, 1, 1, 1, 1, 1, 1, 1, 1)

}
,

and
Γ (P∞, P0b2 , P0b3 , P0b4 , P0b5 , P0b6 , P0b7 , P0b8 , P0b9 , P0b10) = ∅.
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