RIEMANN-ROCH SPACES OF THE HERMITIAN
FUNCTION FIELD WITH APPLICATIONS TO
ALGEBRAIC GEOMETRY CODES AND
LOW-DISCREPANCY SEQUENCES

HIREN MAHARAJ?, GRETCHEN L. MATTHEWS?, & GOTTLIEB PIRSIC®

* DEPARTMENT OF MATHEMATICAL SCIENCES, CLEMSON
UNIVERSITY, CLEMSON, SC 29634-0975 USA
HMAHARAQCLEMSON.EDU

® DEPARTMENT OF MATHEMATICAL SCIENCES, CLEMSON
UNIVERSITY, CLEMSON, SC 29634-0975 USA
GMATTHEQCLEMSON.EDU

¢ JOHANN RADON INSTITUTE FOR COMPUTATIONAL AND
APPLIED MATHEMATICS, AUSTRIAN ACADEMY OF SCIENCE,
ALTENBERGERSTRASSE 69, A-4040 LINZ, AUSTRIA
GOTTLIEB.PIRSICQOEAW.AC.AT

ABSTRACT. This paper is concerned with two applications of bases
of Riemann-Roch spaces. In the first application, we define the
floor of a divisor and obtain improved bounds on the parameters
of algebraic geometry codes. These bounds apply to a larger class
of codes than that of Homma and Kim (Goppa codes with Weier-
strass pairs, J. Pure Appl. Algebra 162 (2001), 273-290). Then we
determine explicit bases for large classes of Riemann-Roch spaces
of the Hermitian function field. These bases give better estimates
on the parameters of a large class of m-point Hermitian codes. In
the second application, these bases are used for fast implemen-
tation of Niederretier and Xing’s method (A construction of low-
discrepancy sequences using global function fields, Acta. Arith. 72
(1995), 281-298) for the construction of low-discrepancy sequences.

1. INTRODUCTION

This study is motivated by two primary applications: the construc-
tion of algebraic geometry codes and the construction of low-discrepancy
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sequences. In both applications, it is useful to have explicit bases of
certain Riemann-Roch spaces. In this paper we find such bases as well
as a compact description of them for the Hermitian function field.

This paper is organized as follows. In Section 2, we introduce the
notion of the floor of a divisor. Given a divisor G of a function field
F/F, with dim £(G) > 0, the floor of G is a divisor G’ of F' of minimum
degree such that £(G) = L(G’). We show that the floor of a divisor
exists and is unique. We also indicate how to find the floor of a given
divisor G, denoted |G|. In this section, we also relate the notion of a
floor of a divisor supported by m places @1, ..., Q,, to the Weierstrass
semigroup H(Q1,...,Q,,) and the Weierstrass gap set G(Q1,...,Qm)
of the m-tuple of places (Q1,...,Q,). Our main result in Section 2
is the following improved lower bound on the minimum distance of
algebraic geometric codes:

Theorem 2.10 Let F/F, be a function field of genus g. Let D :=
P+ -+ P, where Py,..., P, are distinct rational places of F', and
let G:= H+ |H| be a divisor of F' such that H is an effective divisor
whose support does not contain any of the places Py, ..., P,. Set By :=
H — |H|. Then Cq(G, D) is an [n, k,d] code whose parameters satisfy

k>n—degG+g—1

and
d>degG — (29 —2) +deg Fy = 2deg H — (29 — 2).

This bound is more general than those in [9], [4], and [11] which are
obtained by using Weierstrass gap sets. We give specific examples
(Example 2.7 and Example 2.11) to illustrate this theorem.

In Section 3, we restrict our attention to the Hermitian function field.
Recall that the Hermitian function field H = F2(z,y) is defined by

Yl 4y =zt
The following are some basic facts about this function field.

Proposition 1.1. [15, Lemma VI.4.4]

(a) The genus of H is g = q(qT_l).

(b) H has ¢* + 1 places of degree 1 over F,2, namely
e the common pole Qs of x and y, and
o for each o € F 2, there are q elements 3 € F 2 such that B9+ =
™ and for all such pairs (a, 3) there is a unique place P, g
of H of degree one with x(P,3) = o and y(Py ) = (.
(¢) For r > 0, the elements x'y’ with 0 < i, 0 < j < q—1, and
iq+ j(g+ 1) <r form a basis for the Riemann-Roch space L(rQw).
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In order to describe the results of Section 3, we set up the following
notation. For o € F 2, define

Ko ={0: 0"+ =’}

and
K:={(a,3) €Fra: f+ 3=},

For each («, 8) € K, we define

Tapg =Yy — 0B —al(z—a).
In all that follows, whenever we write 7, g, it will be understood that
(a, B) € K. Note that 7, g is the tangent line to the Hermitian curve at
the point (av: §:1). Let « € F2, 7 € Z, and kg € Z for each § € K,.
In Theorem 3.6 we show that the dimension of L(rQe+)_sc i, kpPa )
is given by

imax V_qu + Z ViﬁjLiJ +1,0
pa q+1 qg+1 ’ '

ﬁEKa

As a consequence of the proof of this dimension formula, it follows that
the set of functions

U {(m—aV’ IR R foJ 2 i s Zlilq}

0<i<q BeKqa BeEKy BEKq

form a basis of the space £ (rQoo + D sek,, /{:gPaﬂ) In Theorem 2.10,

we use this fact to give a formula for the floor of the divisor rQ). +
ZBEKa kﬂPa,ﬁ-

Finally, in Section 4 we describe how to apply the above results in the
construction of low-discrepancy sequences using the Niederreiter-Xing
method on the Hermitian curve.

Notation Unless stated otherwise, we will use notation as in [15].
We write F//F, to mean that F' is an global function field with full
field of constants F,. Let g = g(F') denote the genus of F. If P is a
rational place of I, that is, a place of degree one, then vp denotes the
discrete valuation corresponding to P. Given two divisors A, A’ of F,
the greatest common divisor of A and A’ is

ged(A, A') - me{vp ),vp(A")}P.

The support of a divisor A wﬂl be denoted by supp A. The divisor of
a function f € F'\ {0} (resp. differential n € 2\ {0}, where Q denotes
the space of differentials of F') is denoted by (f) (resp. (n)). Given
a divisor A of I, the Riemann-Roch space of A is the vector space
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L(A):={feF:(f)>—-A}U{0} and the dimension of L(A) over F,
is denoted by ¢(A). The vector space of differentials associated to A is
QA) ={ne:(n) > A} U{0} and its dimension over F, is denoted
by i(A).

Let Q1,...,Qm, P1,..., P, be distinct rational places of F. Set
G = Y " aQ; where oy € Z for all 1 < i < m, and set D :=
P+ -+ P,. We will consider the following two algebraic geometry
codes defined using the divisors G and D:

Ce(D,G) :={(f(P),.... f(P)) - f € L(G)}

and

Cao(D,G) :={(resp,(n),...,resp,(n)) :n € QUG — D)}.

These two codes are sometimes referred to as m-point codes to indicate
that there are m places in the support of the divisor G. It is well known
that Cr(D,G) (resp. Cq(D,G)) has length n (resp. n), dimension
((G) — UG — D) (resp. i(G — D) —i(G)), and minimum distance at
least n — deg G (resp. at least deg G — (29 — 2)).

2. RESULTS FOR ARBITRARY FUNCTION FIELDS
Throughout this section, F'/F, denotes a global function field.

Proposition 2.1. Let G be a divisor of a function field F/F, with
U(G) > 0. Suppose G' is a dwisor of F' of minimum degree such that
L(G) = L(G"). Then G > G'. Consequently, G' is the unique divisor
with respect to the above property.

PROOF: Since L(G) = L(G") N L(G) = L(ged(G', G)), it follows from
the minimality of the degree of G’ that deg G’ < deg gcd(G’, G). On the
other hand ged(G',G) < G'. It follows that G' = ged(G', G), whence
G' <G.

Now suppose that G’ and G” are two divisors of F' of minimum degree
such that £(G') = L(G) = L(G"). From the above, the fact that G”
is a divisor of F' of minimum degree such that £(G') = £(G") implies
G' > G". Similarly, G” > G’ since G’ is a divisor of F' of minimum
degree such that £(G") = L(G"). Therefore, G' = G”. Hence, there is
a unique divisor G’ of F' of minimum degree satisfying £L(G) = L(G’).
O

Definition 2.2. Given a divisor G of a function field F'/F, with ((G) >
0, the floor of G is the unique divisor G’ of F' of minimum degree such
that £(G) = L(G"). The floor of G will be denoted by |G].
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Corollary 2.3. Let Gy and Gy be divisors of a function field F/F,
with ((G1) > 0 and ¢(Gy) > 0. Then L(Gy) = L(Gs) if and only if
[G1] = [Ga].

PROOF: The forward implication follows from Proposition 2.1. Assume
that |G1] = |G2]. Then L(Gh) = L(|G1]) = L(|G2]) = L(Gs). O

The next three results will aid in searching for the floor of a divisor.
The second of these is especially useful, because it implies that if a
divisor G is effective and supp G Nsupp D = (), then supp |G| N
supp D = 0.

Proposition 2.4. Let G be a divisor of F//F, with ((G) > 0. Define the
effective divisor E := ged(G+(x) : x € L(G)\{0}). Then |G] = G—FE.

PROOF: Observe that for any place P, we have

xeﬁr(rg)r{{o} vp(x) vp(G — E).
Then for any f € L(G) \ {0}, vp(f) > —vp(G — E), whence f €
L(G — E). Thus, L(G) C L(G — E). Since G — E < G, we also have
L(G — E) C L(G). Hence, L(G — E) = L(G). By Proposition 2.1,
we have G — E > |G]. Suppose that there is a place P such that
vp(G — E)>vp(|G]). Then G — E>G—E—P > |G|, and so

L(G) = L(|G]) C L(G — E —P)C L(G — E).

Since L(G) = L(G — E), it follows that £L(G — F) = L(G — FE —
P). By the definition of E, there exists x € L(G) = L(G — E) such
that vp(z) = —vp(G — E). Clearly, x ¢ L(G — E — P) which is a
contradiction. Therefore, vp(G — E) = vp(|G]) for all places P of F,
and so G — E = |G]. O

Theorem 2.5. If G is an effective divisor of F/F,, then |G| is also
effective. In particular, if G is effective, then the support of |G| is a
subset of the support of G.

PROOF: Since G is effective, the constant functions belong to L(G). It
follows that

vp(G) Z vp(lG]) = = _min  vp(z) 20

for any place P of F. O

Theorem 2.6. Let G be a divisor of F/F, and let by, ..., b, € L(G) be
a spanning set for L(G). Then

|G| = —ged((b;) :i=1,...,1).
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PROOF: Let E = ged(G + (z) : x € L(G) \ {0}). Then, since any
x € L(G) \ {0} is a nontrivial linear combination of the b;, G + (z) >
ged(G + (b;) i =1,...,t). This implies that

E=gcd(G+ (b):i=1,....,1).

Thus
|G| =G—-F
=G — ged(G () i=1,...,1)
= —ged((b) i =1,...,1).

O

Example 2.7. Consider the function field F' := Fg(z,y)/Fs with defin-
ing equation
W —y =2 — P

This function field is sometimes referred to as the Suzuki function field
over Fg. It is easy to check that I’ has 65 rational places consisting of
all places P, 3 where a, 3 € Fg and the infinite place Px.

We will illustrate how Theorem 2.6 may be used to find the floor of
a divisor. Let

G = 14Poo + 11P070.

In order to apply Theorem 2.6, we must have a spanning set for £(G).
In most cases, determining such a set is nontrivial (hence the advantage
of Theorem 3.3 in the Hermitian case). However, one can check that

the set ) ) )
v xr~ x v (%
B _{]— x7y7v7w7_7£7_7_yay_a_yu_}7

where v := y* — 2° and w := y*zr — v? is a basis of L(G) (see Lemma
3.5). According to Theorem 2.6 and Theorem 2.5,

LGJ = — ng(Upoo (b)POO —+ UPO,O (b)P(),() . b - B)
One can then compute that
|G| = —min{0,-8,-10,—-12,-13,1,3,-3,—-5,-7,—9,—11} Py

—min{0,1,3,5,13, -8, —10, —11, -9, -7, =5, 3}P00
= 13P, + 11Py,.

Remark 2.8. Let (ny,...,n,) € Ny, where Ny denotes the set of
non-negative integers. Suppose (1, ..., Q,, are distinct rational places
of F/F,. Recall that (n,...,n,) is an element of the Weierstrass
semigroup of the m-tuple of places (@1, ...,Q,,) if and only if

¢ (Z niQi) =4 ((”g -1)Q; + Z niQi) +1

i=1, i#j



RIEMANN-ROCH SPACES OF THE HERMITIAN FUNCTION FIELD 7

forall 1 < j < m. The complement of the Weierstrass semigroup of the
m-tuple above is called the Weierstrass gap set of the m-tuple, denoted
G(Q1,...,Qn). Hence, (ny,...,n,) is an element of the Weierstrass
gap set of the m-tuple of places (Q1, ..., Q) if and only if there exists
7,1 <7 < m, such that

i=1 i=1, i#j
While the Weierstrass gap set of a single place is a classically studied
object, the Weierstrass gap set of an m-tuple of places was defined in
[1] for m = 2 and in [2] for m > 2.

Based on these definitions, it is not surprising that there is a connec-
tion between the Weierstrass semigroup of the m-tuple (Q1,...,Qmn)
and floors of divisors supported by the places Q1,...,Q,,. It is easy
to see that if G = ", ;Q; is an effective divisor supported by m
distinct rational places, then |G| = G if and only if (a1, ..., q,,) is an
element of the Weierstrass semigroup of the m-tuple (Q1, ..., Qmn)-

The main motivation for studying the notion of the floor of a divisor
is that it leads to improved estimates of the minimum distance of al-
gebraic geometric codes. The first of these improved estimates follows
immediately from the definition of the floor of a divisor. Recall that
given a divisor G, deg G > deg|G].

Theorem 2.9. Let F/F, be a function field of genus g. Let D :=
P+ ---+ P, where Py, ..., P, are distinct rational places of F', and
let G be a divisor of F' such that the support of |G| does not contain
any of the places Py, ..., P,. Then Cr(G, D) is an [n, k,d] code whose
parameters satisfy

k>degG—g+1
and

d>n—deg|G|.

Notice that Theorem 2.9 provides a generalization of [7, Theorem
3]. While the notion of the floor of a divisor is clearly inspired by the
definition of the code C.(D, G), the floor may also be used to study
codes of the form Cq (D, G). This is detailed in the following discussion.

In [9] and [4], elements of the Weierstrass gap set satisfying (1) for
all 7, 1 < 5 < m, are considered. These elements of the Weierstrass
gap set have additional “symmetry” and are known as pure gaps. In
particular, Homma and Kim define the pure gap set of a pair of points
(Q1,Q2) to consist of those elements (aq, ) of the Weierstrass gap
set of the pair (@1, Q2) with the following “symmetry” property: the
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pairs (o], ) and (aq, o)) are elements of the Weierstrass gap set of
the pair (Q1,Qs) for all 0 < of < a3 and 0 < o < s [9]. We note
that this notion of symmetry agrees with that mentioned above. They
obtain an improved lower bound on the minimum distance of certain
algebraic geometry codes of the form Cq(D, a;Q; + asQ2) constructed
using pure gaps of the pair (@1, Q2). This is generalized in [4] to codes
of the form Cq(D, > " 0;Q;), m > 2, using the pure gap set of the
m-tuple (Q1,...,Qm).

The following theorem shows how the usual lower bound may be
improved in a more general situation, that is, a situation where the
“symmetry” required in [9] and [4] is not necessarily present. Both [9,
Theorem 3.3] and [4, Theorem 3.4] are special cases of the next result.
In addition, we recover a corollary of [7, Theorem 4| which is typically
applied to one-point codes.

Theorem 2.10. Let F/F, be a function field of genus g. Let D :=
P+ ---+ P, where Py, ..., P, are distinct rational places of F', and
let G:= H+ |H| be a divisor of F' such that H is an effective divisor

whose support does not contain any of the places Py, ..., P,. Set Ey :=
H — |H|. Then Cq(G, D) is an [n, k,d] code whose parameters satisfy

k>n—degG+g—1

and
d>degG — (29 —2) + deg Ey = 2deg H — (29 — 2).

PROOF: The dimension estimate is clear. Choose n € Q(G — D) such
that the codeword ¢ := (resp,(n),...,resp, (1)) is of minimum weight.
We may assume that the first d coordinates of ¢ are nonzero and that
the remaining coordinates are zero. Then, putting D' := Ele P;, we
have () > G — D’ so that there is an effective divisor A whose support
does not contain P, ..., P, such that (n) = G— D'+ A. Taking degrees
on both sides we have 2g — 2 = deg G — d 4 deg A. Therefore,

d=degG — (29 — 2) + deg A.

In order to prove the claimed minimum distance bound, it suffices to
show that deg A > deg E'y.
Observe that

deg A > ((H+A)—0(H) = ((H+A)—((|H]) > ((H+A)—((| H]+A).

We show that deg Ey = ¢(H + A) — {(|H] + A). Using the fact that
W := G — D'+ A is a canonical divisor, we have by the Riemann-Roch
theorem that
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((H+A) —((|H]+A) =degEyg+{(W—-H—-A)—¢{(W —|H|—-A)
=degFEy +/((|H|—D")—¢(H —D'").

To complete the proof, we show that L(|H]| — D') = L(H — D’).
Observe that L(H — D') C L(H) = L(|H]), whence L(H — D') =
L(H-D"NL(|H]) = L(ged(H—D', | H])). By assumption, supp HN
supp D = 0, so ged(H — D', |H]) = |H] — D’. This implies that
L(|H|]—-D")=L(ged(H—D',|H|)) = L(H — D'). Tt follows that

d=degG — (29 —2) +deg A > deg G — (29 — 2) + deg Ey.
O

Example 2.11. Asin Example 2.7, let F'/Fg denote the function field
with defining equation

W —y =20 — g3
Then the genus of F'is g = 14. Let us consider the code Cq(D, 27P,, +
22Py) where D := P; + - - - + Pg3 is the sum of all rational places of F'
other than P, and Fyo. Set

G .= 27Poo + 22P070.

In order to apply Theorem 2.10, we must find a divisor H of F' such
that H + |H| = 27P5 + 22F,. According to Example 2.7, we can
take

H =14P, +11Fy ¢
so that

H+ |H| = (14Px + 11Fyp) + (13Px + 11Py) = G.

Then, by applying Theorem 2.10, we see that Cq(D,G) is a code of
length 63, dimension 27, and minimum distance at least 24. This
is the best known code over Fg of length 63 and dimension 27 (cf.
[3]). We note that this code originally appeared in a preprint by the
second author. Also, codes defined using the Suzuki function field were
considered first in [8]. Such codes were studied more recently in [5] and
the above mentioned preprint where a number of codes are given with
parameters better than the best known code of the same length and
dimension (according to [3]). It is worth noting that while there exists
a [64,28,24] one-point code [5], the two-point code mentioned above
cannot be obtained by shortening this one-point code. One may also
notice that [9, Theorem 3.3] and [4, Theorem 3.4] cannot be applied to
this code.
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3. APPLICATIONS TO THE HERMITIAN FUNCTION FIELD

In this section, we will restrict our attention to the Hermitian func-
tion field H = F2(z,y)/F,2 with defining equation y? +y = 29t We
recall some notation from the introduction. Let

K:={(a,0) €eF%: 37+ 3 =a""}.
For each o € Fpe, let

Ko :={3:874 ="},
and for each («, 3) € K, set

Tap =Yy — 03 —al(z—a).

Throughout this section, « is a fixed element of F 2 and 7 and kg (for
each f € K, ) are fixed integers. If one views H as a Kummer extension
over Fp2(y), the rational places of F2(y) behave as follows:

e For each v € F2 such that 79+~ = 0, the place y — v is totally
ramified. If v7 + v # 0, the place y — 7 splits completely in H.
e The pole of y is totally ramified.

For our purposes, we define the Kummer extension H as follows. Ob-
serve that

(2) T g+ Tap = (x — ).

Then H =Fp2(x,y) = Fp(7a,3, ). Moreover, the divisor of 7, g is
(Ta,p) = (@ + 1) Fap — (¢ +1)Qc.

Following the usual convention for rational function fields, we denote
the places of F2(7,3) by their corresponding monic irreducible poly-
nomials, except in the case of the place at infinity which we denote by
P (Ta3). For any v € Fp satisfying 79 +~v = 0, we have 7,3 — v =
Ta,p+~- Thus, we will write “the place 7, 54 in F2(7, )" to mean the
place 7,3 — 7. Viewing H as an extension of F,(7,3), we have the
following result, which we record for reference purposes.

Lemma 3.1. Let H/F . denote the Hermitian function field, and let
Y e ]qu.

(a) If y1 4+~ = 0, the place To3 — ¥ = Tapty i Fp2(7a,8) is totally
ramified in the extension H/F 2 (743).

(b) If v9 4+~ # 0, the place 7,3 — v in Fp(1, ) splits completely in
the extension H/F 2 (7,.).

(¢) The pole Ps(Tap) of Tap is totally ramified in the extension

H/Fp2(Tap)-
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Lemma 3.2. The functions 1, x — «a, (z — «)?, ..., (x —a)? form an

integral basis of the Hermitian function field H/F2(7,,3) at any place
P of Fp2(7a,3) different from Pu(7a3).

PROOF: Let P be any place of H/FF2(7,3) such that P # P.(7a).
The minimum polynomial of z — « over Fp2(7,4) is ¢(T) = T —
(74 3+ Tap)- Let R be any place of H which lies above P. According to
[15, Theorem II1.5.10(b)], we must show that vg(¢'(x — a)) = d(R|P).
Now vg(¢'(r — o)) = qur(x — ). If R = P, for some v € K,, then
d(R|P) = ¢e(R|P) — 1 = q and vg(z — a) = 1, so that vg(¢'(z — a)) =
d(R|P). If R # P, for any v € K,, then vg(x —a) = 0 = d(R|P)
since R is unramified over P. Therefore {1,z—a, (z—a)?, ..., (z—a)}
is an integral basis of H/F2(7,) at P. O

Theorem 3.3. Consider the Hermitian function field H/F, and the
divisor Qoo + Y _scfc, kgPap of H where o € Fpo, v € Z, and kg € Z
for each § € K. Set

— _ i . egi € L, —kg < egi(g+1)+1, and
S'{m QBLI(TQB (@+1) Y pex, epi Tig<rVi,0<i<q (-

Then L(rQuo + D sck., kpPos) is the Fyz-linear span of S.

PROOF: Let £ := L(rQu + D _gck, kslu,p). It is readily checked that
S C L as

( x - a H Tzﬁﬂl) Z (eﬁ,i(q+1)+i)Pa,ﬂ_((q+1) Z 65’1'4-1'(])@00.

BeEKa BeEK BeKa

Fix f € K,. Let z € L. Then Q4 and the places P,5 (0 € K,)
are the only possible poles of z. Thus, by Lemma 3.2, there exist
2; € F2(74,3) such that

z=2+zn(r—a)+- -+ z(x —a)?

and the only possible poles in F2(7,5) of the z; are Py (7,3) and the
places 7, 5 where § € K,. It follows that the z; are of the form

(3) 5= gi(ap) [ 7%
€K

where the eg; are integers, g;(7,,3) is polynomial in 7, g, and 7, 5 does
not divide g;(7,.g) for any 6 € K,. Thus, z; is an F 2-linear combination
of the functions

(4) A=, T 7%

deKq
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for j = 0,1,...,degg;. In order to prove the theorem, we show that
for 0 <i<gandj=0,...,degg;, the functions (z — a)'A, ; belong to
S. Note that

(r =) Ay = (z - a)iT;,ﬁéﬁj H T?g

seKa\{B}
Hence, for 0 <17 < ¢ and 0 < j < deg g;,we must show that
() (¢ +1)(egi+ ) +i > —kg,
(6) (q+ Dess +i > —ks,

for 6 € K, \ {4}, and

(7) (¢+1) (j + > eg,l) +ig <.

§€Kaq
Let 09 € K, and put P := P, 5, and 7 := 7,5,. By Lemma 3.1, we
have
vp(zi(z — a)') = (¢ + D)or(2) +i
as 2; € F2(Tas,) = F2(7ap) and x — a € H. From this, it follows that
vp(zi(x — a)") are distinct modulo g+ 1 for 0 < i < ¢. Hence, we have

vp(z) =min{(q+ v (z;) +i:0 <i < q} > —ks,
since z € L. Thus for 0 < i < g,
(8) (¢ + Vv () +1 > —ks,.
From (3) we have that
vr(21) = €50, + 02 (9i(Ta8)) = €505

so (8) becomes

(9) (q + 1)650,2' +1> _k50
for 0 <i < ¢q. Now, observe that for j =0,1,...,degg;,
(10) (q+1)(ep; +7)+i>(qg+eg; +i > —kg.

We have proved (5) and (6). It remains for us to prove (7).
Put @ := Q and 0o := Py (7,,3). Then we have

vo(zi(r — a)') = (¢ + Dveo(2i) —ig = (¢ + 1) (vao(2:)) — 1) +1
which are distinct modulo ¢ + 1 for 0 <7 < ¢. Hence
(11) vo(2) = min{ (¢ + 1)ve(z) —iq: 0 < i < g} > —r.
Thus, we have for 0 < i < g,
(12) (¢ + Dveo(2i) —ig > —r.
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From (3) we have that

(13) Voo (2i) = — <deggi + Z 65,1')

0€Ky

so that for 0 < i < ¢, (12) becomes

(14) (g+1) (deg gi + Z 6572-) +1ig < 1.

€K,

Now, observe that for j = 0,1,...,degg;,

(15) (g+1) (j + Z 66,1‘) +ig < (q+1) (deggi + Z 65,i> +ig < 7.

0eKq 0eKq

This proves (7) and completes the proof of the theorem. O

Corollary 3.4. Consider the divisor rQ« + kP, g of the Hermitian
function field H/F 2 where 3 € K, and r,k € Z. Let

S =< (z—a)its, e; € Z,—k <e(¢g+1)+1, and
= —a)T, 5 (q+ De;+ig<rVi,0<i<q [

Then S is an Fp-basis for L(rQe + kP ).

ProOOF: This follows from Theorem 3.3 since the elements of S have
distinct valuations at the place (), and so are IF 2-linearly independent.
O

The next lemma will be helpful in extracting bases for the space
L(rQoo+ ) sck, ksPap) from the spanning set S given in Theorem 3.3.

Lemma 3.5. Let F'/F, be a function field. Let G be a divisor of F'
and let P be a rational place of F. Let V = {vp(z) : z € L(G) \ {0}}.
For each i € V', choose u; € L(G) such that vp(u;) = i. Then the set
B ={u;:i €V} is a basis for L(G).

PROOF: It is clear that the functions in B are F,-linearly independent.
Let z € L(G). We will show that z is in the linear span of the set B. If
z = 0, then we are done. Assume that z # 0. Then there exists iy such
that vp(2) = vp(uy,). Choose ag € F, such that vp(z — agu;,) > vp(2).
If z — apu;, = 0, we are done. Otherwise, we can choose a; € F, and
i1 such that vp(z — agu;, — a1u;,) > vp(z — agu,, ). We continue in this
way. Since B is a finite set, this process will stop, in which case we
obtain the desired result. O
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Theorem 3.6. Consider the Hermitian function field H/F 2 and the
divisor G = rQ + ZﬂeKa ksP,p3 of H where o € Fp2, v € Z, and
kg € Z for each b € K,. The dimension of the space L(G) is given by

(G) = Stomax{[55H] + Toer, [ 557 ] + 1.0}

<74 ) per, ko 1.
PROOF: Set L := L(rQuo + D _scx., kpPap). For each 0 <i < g, let

eg € Z,—kg < eg(q+1)+1i, and
Vi: { (¢+1) ;eﬁ : qJFl)ZﬁﬁeK 6Z+zq<rVﬂ€K }
and let V := UL ,Vi. The proof relies on two claims which are outlined
below.

Claim 1: V ={vg_(z):z€ L\ {0}}.

Proof of Claim 1: If z € L\ {0}, then it follows (from (11), (13),
(14) and (9)) that vg(z) € V; for some 0 < i < ¢q. Thus, {vg_(2) :
z € L\ {0}} € V. To complete the proof of Claim 1, it remains to
verify that V' C {vg_(2):z € L\ {0}}. Now let m € V. Then m € V;
for some 0 < j < ¢. Hence, there are integers eg, where 8 € K, such

that
—(g+1) > es—ja,
BEKa
(@ + 1) sek, s +Jg <7, and —kg < eg(q + 1) + j for all B € K,.
Observe that vg_(2) = m where

z=(x—a) H T’ 0
BEKq
and that z € £. This concludes the proof of Claim 1.

According to Lemma 3.5, it follows that dim £ = |V/|. Therefore, we
proceed to count the number of elements of V. To do so, we establish
the following claim.

Claim 2: Fix i, 0 <7 <¢q. Then —iqg — c¢(q¢ + 1) € V if and only if

BEK qg+1 _q+1

Proof of Claim 2: Observe that for any integer N, there are unique
integers a and b, with 0 < a < ¢ such that N = aq + (¢ + 1)b. This
follows from the fact that the ¢ + 1 numbers N, N —q, N — 2q, ...,
N —¢? are distinct modulo ¢+ 1 so there is a unique a (0 < a < ¢) such
that N —aq = 0 mod ¢ + 1. Hence, the sets V; are mutually disjoint.
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Thus, —ig — c¢(q¢+ 1) € V if and only if —ig — c(q+ 1) € V;. This holds
if and only if there exist integers es (3 € K, ) such that

—c(q+1)—ig=—(g+1) ) es—iq,
BEKq

(¢ + 1) pek, es +iqg < r,and —kg < (g + 1)eg + i for all B € K,.
Thus —ig — c¢(g+1) € V if and only if there exist integers eg (0 € K,)

such that
=D e,

BEKa
(q+1) > sek, es+iqg <r,and (¢ +1)eg +1i > —kg for all § € K, (x).
Clearly, the inequalities (*) are equivalent to

Z k5+z< Z 6<T_Zq

ﬁeKa BeEK,

k | k )
0y > _5+Z _ g+t
qg+1 qg+1

for all B € K,. Thus the desired integers es exist if and only if

- VJHJ ﬁcér_zf’
oy q+ 1] q+

and

completing the proof of Claim 2.
Now it follows that |V;| is the number of integers in the interval

kg+i — .
[_ Z,@eKa L%J ) LZJ:{ZJ}; that is,

. o
|Vi| = max V ZqJ—I—ZLﬂ—FZJ—FLO .
g+1] = Lat+1

Since the V;’s are mutually disjoint, this completes the proof. O

Corollary 3.7. Consider the Hermitian function field H/F . and the
divisor rQs + ZﬁeKa ksP,p5 of H where o € Fp2, v € Z, and kg € Z
for each B € K,. Then

U {<w—a>"Hi{’;:—Z e b m_’”’q}
0<i<q BeKqa BeKqa BEKq q+ 1

is a basis of the space L (TQOO + ZﬁeKa kgPaﬂ)

PrOOF: This follows immediately from Theorem 3.3 and the proof of
Theorem 3.6. O
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Remark 3.8. We note that Theorem 3.6 may be used to derive the
Weierstrass gap set of any m-tuple of consisting of distinct places of
the form P, and P, g of a Hermitian function field where o € Fe is
fixed. For another approach to determining this Weierstrass gap set,
see [11] and [10]. It would also be possible to derive the set of pure
gaps of m-tuples of the form (P, Pag,, .-, FPag,) from Theorem 3.6
for a fixed o € Fo.

Theorem 3.9. Let G = rQu + D _scx., kpPop be a divisor of the
Hermitian function field H/F . where r € Z, o € F2, and kg € Z for
each 8 € K,. The floor of G is given by

|G =bQu+ > agPag

BEKa
where
2 .
aﬁz—min{i—(qﬂ%){ﬂHJ:OSiSqandVi#@},
qg+1
b::max{(q%—l){ﬂJ+qi:0§i§qand%7é®},
q+1
and
. eg€Z,—kg<eg(qg+1)+1i, and
Vi: 1) q:
{ g+ ﬂ;};@eﬁ q—l—l)zﬁeKaeW%—qurVﬁeKa

15 as defined in the proof of Theorem 3.6 for 0 < i <gq.

PROOF: We use Theorem 2.6 and Theorem 3.3. Suppose V; # 0. Then
from the proof of Theorem 3.6, we have that

it

BEKq

and all elements of V; are of the form —(q + 1) Y. es — ig, where
ki r—i
eg > — Lﬁ”J and ZﬁeKQ e < LH{IJ. Put

z=(z—a) H Tz’fﬁ

BeKa

Now, we have that the divisor of z is

(2) = D (i+eplg+1)Pap— ((q+1) > eg+z’q) Qoo

BeEKa BeKa

> (z —(g+1) Vj}ﬁ:lip P.s— ((q+ 1) {HJ —|—zq> O

BeKa

v
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For each i,0 <1 < ¢, let

i €8, kg 41 — 1
S; = {(x—a) H To ;—Z Lzﬁ+1ZJ < Zeﬁvi§;+llq}.

BEK BEK BEK

By Theorem 3.3 and the proof of Theorem 3.6, S := U!_,S; is a span-
ning set of £(G). By Theorem 2.6,

|G] =—gcd((z):2z€8)
=~ e, (i = (a+ D) %27 ]) P+ ((a+ 1) | 58] +ia) @
and the desired result follows. O

Example 3.10. Consider the Hermitian function field F' := Fgy(z, y)
where

y'+y =2’
and w is a primitive element of Fg. Then the genus of F is g = 28.
According to Theorem 3.9, the floor of

H = 12Poo + 9P0’0 + 10P071 + 10P0,w9

is
|H| =9Px +9F0+9F1 + 9P .0.
Set
G.=H + LHJ = 21Poo + 18P0’0 + 19P071 + ]_9P0’w9

and take D to be the sum of all rational places of F’ other than those in
the support of G. Then Cq(D, G) is a code of length 513 —4 = 509 and
dimension 459. By Theorem 2.10, the minimum distance of Cq(D, G)
is at least 28. There is exactly one one-point code on F' (that is, a code

of the form Cqo(D + Py + FPo1 + Fouo, FPx)) that has dimension 459.
It has length 512, and its minimum distance is exactly 26.

Corollary 3.11. Let G := rQ — ZBEKQ ksPyp be a divisor of the
Hermitian function field H/F . where r € Z, o € F 2, and kg € Z for
each B € K,. Let V;, 0 < i < q, be as defined in Theorem 3.9. For
each B € K,, write kg = sg(q¢ + 1) + mg with 0 < mg < q, and write
r=(q¢+1)r +rywith0 <ry <gq. For each € K,, put ig =0 if
mg = 0, otherwise put ig :== q+ 1 —mg. Also, if ro =0, put i, := 0,
otherwise put 1, = q+ 1 — rg.

Then the following are equivalent:

(1) G =[G

(2) Vi # 0 foralli € {ig: B € Ko} U{i}.
Thus, if V; =0 for i =1ig (resp. i =1i,), then L(G) = L(G — P) where
P=P,5 (resp. P =Qx).
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PROOF: Put
kg+i
a(t) ' =1—(qg+1 .
N
Observe that for 0 < i < ¢, the quantity
. . i—i-mg
a(i) = 1+mg—kz—(q+1
(0 i k= (a4 1) | 20

. i+mg—k5 if’i<q+1—mg
| idmg—kg—(¢+1) if i>qg+1—-—mg

is strictly increasing for 0 < ¢ < g+1—mg and also for g+1—mpg <@ < ¢
and so achieves a minimum for ¢ = 0 or for ¢ = ¢ + 1 — mg. Since
a(0) = mg — kg and a(q + 1 — mg) = —kg, it follows that a(i) > —kg
with equality if and only if i = ¢+ 1 —mg (if mg > 0) or i = 0 (if

mg = 0). Thus —kg < i— (¢ +1) {%J with equality if and only if
© = 1. Similarly,
r—iq o 1+ 7o
—(qg+1 —qi=1+ro—7r—(q¢+1 > —r
(q ){q+1J ! ' & )LqHJ_
with equality if and only if ¢ = 4,. O

Remark 3.12. Suppose G := Qo — Y ooy ki Py g, is an effective di-
visor of the Hermitian function field H/F . where §; # §; for i # j.
Then G = |G| if and only if (r, —ks, ..., —k,,) is an element of the
Weierstrass semigroup of the m-tuple (Qoo, Pagys - - -, Pag,.). Accord-
ing to Corollary 3.11, this is the case if and only if V; # ) for all
i€{ig:p € K,}U{i}. Therefore,

(T‘, —ko, ..., —k‘m) S H(Qooa Poéwg27 ey Pa,ﬁm)
if and only if
Vi#£Dforallie€ {ig: e K,}U{i}.

Moreover, Corollary 3.11 implies that (r, —ks, ..., —ky,) is a pure gap
of the m-tuple (Quo; Pagys - - - Pag,) if and only if V; = @ for all i €

{ig: e K.} U{i,}.

4. APPLICATIONS TO CONSTRUCTION OF LOW-DISCREPANCY
SEQUENCES

The results of Section 3 can be applied in a fast implementation
of a special method to produce low-discrepancy (that is, very well-
distributed) sequences of points in high-dimensional unit cubes. Such



RIEMANN-ROCH SPACES OF THE HERMITIAN FUNCTION FIELD 19

points can then be used in quasi-Monte Carlo methods, e.g. for high-
dimensional numerical integration or optimization. Specifically, we pro-
duce Niederreiter-Xing sequences ([13], [12], [14] and [16]), which are
a subvariety of so-called digital (¢, s)-sequences and fulfill the optimal
asymptotic order of discrepancy. In the following we give a brief indi-
cation of the background of digital (¢, s)-sequences.

The general approach to produce such points is the following: to
obtain points in the s-dimensional unit cube, choose s infinite ma-
trices over some finite field F, and some bijection between I, and
digy := {0,...,b—1}. Lexicographically order the infinite digit vectors
dig)'. Then for each digit vector we get a point in the unit cube by
first taking the bijection to F}, performing the matrix transformation
with the resulting vector for each of the s infinite matrices. The s
infinite vectors in F, are then transformed back into digit vectors by
the chosen bijection and interpreted as floating point digits of a real
number in [0, 1) for each coordinate, thus giving a point in [0,1)*. In
praxi, we will only require - and in fact can only use - a finite por-
tion of the sequence, say, the first 0™ points. This means we can clip
the matrices and the vectors to size m x m and length m. The dis-
tribution quality of the resulting point set is closely related to how
large sets of linearly independent vectors can be, that consist of inital
row vectors from each of these s matrices. (This distribution quality
is expressed by a nonnegative integer parameter ¢, which is the same
as in the name “(¢,s)-sequence”. Basically, the lower t is, the more
row vectors can be taken into such a set of independent vectors and
the better the resulting point set will be distributed according to the
measure of equidistribution called “discrepancy”.) The advantage of
the Niederreiter-Xing method originates from the fact that it employs
as such row vectors the series expansion coefficients of basis vectors of
spaces L(D) of some global function field. Briefly, the requirements are
as follows. Let F' be a global function field with genus g(F') and F, as
the full field of constants. Suppose that I’ has s+ 1 rational places P,
Py, Py, ..., P, and let D be a divisor of F' of degree 2¢g(F') such that
P, is not in the support of D. In order for fast implementation of the
method for the construction of low-discrepancy sequences as presented
in [14], one requires fast algorithms for the following steps:

1. Compute an explicit basis for the space L(D).

2. Find explicit bases for each of the spaces L(D + jP;) for 1 <
1<sand j=0,1,2,....

3. Find expansions of the basis elements above with respect to the
place P...
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In praxi, again, we will have an assigned m such that we need to
perform step 2 only up to j = m — 1. Also the expansions in step 3
are only relevant up to m terms. The s x m x m coefficients of the
expansions are then the entries of the matrices that are used in the
setting described above.

Now the connection to Section 3 is given by choosing a Hermitian
function field H over F;, with b = ¢ and the following spaces. Using
again the notation of Section 1, let D := 2¢9(H)Qs = (¢°> —q)Qs where
the Qo is the the common pole of x and y. We also distinguish the
place Py, = Py, the common zero of x and y. For the places Py, ...,
P;, we use any s of the remaining rational places of H. Of course,
s < ¢ — 1. For £L(D), from Proposition 1.1, we can use the basis

(16) {2'y’ :0<i,0<j<qg—1,and(ig+j(g+1)) <q¢* —q}.
For the space L(D+nP, 3) we use the basis from Corollary 3.4, namely
(17) {r55(z — ) e(qg+1)+i>—n and (¢+1)e +iqg < ¢* —q}.

Having these bases, it remains to find fast expansions with respect to
the place Fyy. We use the uniformizer x as the local parameter of .
Then one easily shows that

(18) y = 0 4 glara gathe®

Next we need to find expansions of the elements of the set in (17). In
particular, one also has to compute the expansion of

T;é =(y—p0—ai(x— a))_l

for different o and 3. But, while a and § vary, the form of 7. é
remains the same. So, one need only expand the formal expression
(y—v—a%(z — )" once and the expansions of all remaining Toj}j
are obtained by mere substitution of © and v by a and  respectively.
Now the remaining expansions of the set in (17) of the bases elements
reduce to polynomial multiplication. We did an implementation of the
above procedure using KASH [6]. Below we indicate the different times

it took to obtain the points. All computations were done on a 500GHz

PC.
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q=4: t is at most g(H)=6, base b = ¢°> = 16,
number of dimensions s < 63

For s = 63:

m = 100: time = 4 minutes 20 seconds

m = 50: time = 1 minute 30 seconds

m = 30: time = 44 seconds

m = 10: time = 14 seconds

qg=23: t is at most g(H) = 28, base b = ¢* = 64,
number of dimensions s < 510

For s = 365:

m = 30: time = 16 minutes
(here there are about 6430 = 2189 > 10%° points)

m = 50: time = 28 minutes

In general for a fixed m the time per dimension was found to be a
constant (i.e. time/s). So for ¢ = 8 and m = 30, it takes about 100- 52
minutes, i.e. about 4 minutes 20 seconds.
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