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Abstract

The numerical semigroup generated by relatively prime positive integers a1, . . . , an is the set
S of all linear combinations of a1, . . . , an with nonnegative integral coefficients. The largest
integer which is not an element of S is called the Frobenius number of S. Recently, J. M.
Maŕın, J. L. Ramı́rez Alfonśın, and M. P. Revuelta determined the Frobenius number of a
Fibonacci semigroup, that is, a numerical semigroup generated by a certain set of Fibonacci
numbers. In this paper, we consider numerical semigroups generated by certain generalized
Fibonacci numbers. Using a technique of S. M. Johnson, we find the Frobenius numbers
of such semigroups obtaining the result of Maŕın et. al. as a special case. In addition, we
determine the duals of such semigroups and relate them to the associated Lipman semigroups.

1. Introduction

Given a set of relatively prime positive integers a1, . . . , an, let S denote the set of linear com-
binations of a1, . . . , an with nonnegative integral coefficients. Since a1, . . . , an are relatively
prime, every sufficiently large integer N is an element of S. The largest integer which is not
an element of S is called the Frobenius number of S and is denoted by g(S). The Frobenius
problem is to determine g(S). An excellent general reference on the Frobenius problem is
[11].

In discussing the Frobenius problem, it is convenient to use the terminology of numer-
ical semigroups. The set S defined above is called the numerical semigroup generated by
a1, . . . , an and is denoted by S = 〈a1, . . . , an〉; that is,

〈a1, . . . , an〉 :=

{
n∑
i=1

ciai : ci ∈ N

}
where N denotes the set of nonnegative integers. Typically, we assume that

ai /∈ 〈a1, . . . , ai−1, ai+1, . . . , an〉
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for all i, 1 ≤ i ≤ n. Then we say that S is a n-generated semigroup. General references on
numerical semigroups include [2, 6, 7, 8].

The Frobenius problem takes its name from the fact that Frobenius is said to have
mentioned it repeatedly in his lectures [3]. However, the first published work on this problem
appears to be due to Sylvester [13] where he determined the number of elements of N \ 〈a, b〉
where a and b are relatively prime. Though not stated explicitly in [13] (or in the often cited
[12]), it is suspected that Sylvester knew that g (〈a, b〉) = ab− a− b and this fact is typically
attributed to him. Given such a simple formula for the Frobenius number of a two-generated
semigroup, it is natural to try to find the Frobenius number of an n-generated semigroup for
other small values of n. However, Curtis proved that such a closed-form expression cannot
be given for the Frobenius number of a general n-generated semigroup for n > 2 [4]. For
this reason, Frobenius problem enthusiasts often consider semigroups whose generators are
of a particular form.

In [10], the authors determine the Frobenius numbers of so-called Fibonacci semigroups
which are numerical semigroups of the form 〈Fi, Fi+2, Fi+k〉 where Fj denotes the jth Fi-
bonacci number. In studying these semigroups, it is useful to recall the convolution property
of Fibonacci numbers:

Fn = FmFn−m+1 + Fm−1Fn−m

for all m,n ∈ Z+ (where Z+ denotes the set of positive integers). A Fibonacci semigroup is
three-generated if and only if 3 ≤ k < i (equivalently, Fk < Fi). To see this, we consider two
cases depending on the value of k. If k = i, then

Fi+k = F2i = LiFi ∈ 〈Fi, Fi+2〉

where Li denotes the ith Lucas number. If k > i, then

Fi+k ≥ F2i+1 = FiFi+2 + Fi−1Fi+1 > g (〈Fi, Fi+2〉)

and so Fi+k ∈ 〈Fi, Fi+2〉.

In this paper, we consider semigroups of the form S = 〈a, a+ b, aFk−1 + bFk〉 where
a > Fk and gcd(a, b) = 1. Such a semigroup will be called a generalized Fibonacci semigroup.
Notice that if a = Fi and b = Fi+1, then a+ b = Fi+2 and

aFk−1 + bFk = FiFk−1 + Fi+1Fk = Fi+k

and so every Fibonacci semigroup is a generalized Fibonacci semigroup. Using a method of
S. M. Johnson [9], we find the dual of a generalized Fibonacci semigroup. Recall that the
dual of a numerical semigroup S is defined to be

B(S) := {x ∈ N : x+ (S \ {0}) ⊆ S} .

It is immediate that g(S) ∈ B(S) for any numerical semigroup S 6= N as g(S) + s > g(S)
for all s ∈ Z+. Moreover,

g(S) = max {x ∈ B(S) : x /∈ S} .
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provided S 6= N. Hence, we determine the Frobenius number of a generalized Fibonacci
semigroup obtaining the result of [10] as a corollary.

This paper is organized as follows. Section 2 outlines Johnson’s method and applies it
to find the dual of a generalized Fibonacci semigroup. Section 3 contains results relating
the dual and Lipman semigroups. The paper concludes with Section 4 where several open
problems are posed.

2. Johnson’s method

We begin this section with a review of S. M. Johnson’s method [9] for determining the dual
of a semigroup generated by three relatively prime positive integers.

Let S := 〈a1, a2, a3〉 where a1, a2, and a3 are pairwise relatively prime. Suppose N ∈
B(S) \ S. Then N + ai ∈ S for i = 1, 2, 3; that is,

N = yijaj + yikak − ai

for some yij, yik ∈ N. Since the ai are relatively prime, the semigroup generated by any two
of them has a Frobenius number. Hence, any sufficiently large integer will be contained in
such a semigroup. Let

Li := min {c : cai ∈ 〈aj, ak〉} .

Then there exist xij, xik ∈ N such that

Liai := xijaj + xikak.

According to [9, Theorem 3], xij and xik are positive integers and are unique. Recall that

N = y21a1 + y23a3 − a2

= y31a1 + y32a2 − a3.

Then

N =

{
(L2 − 1) a2 + (x13 − 1) a3 − a1 if y21 < y31

(x21 − 1) a2 + (L3 − 1) a3 − a1 if y31 < y21.

and so

B(S) \ S =

{
(L2 − 1) a2 + (x13 − 1) a3 − a1,
(x21 − 1) a2 + (L3 − 1) a3 − a1

}
.

Next, we apply this method to a generalized Fibonacci semigroup. Consider

S := 〈a, a+ b, aFk−1 + bFk〉

where a > Fk and the generators of S are pairwise relatively prime. Note that

Fk(a+ b) = Fk−2a+ (Fk−1a+ Fkb)
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From this and the argument [9, p. 395-396], it follows that

L2 = Fk, x21 = Fk−2, and x23 = 1.

In addition, we find that

L1 = (a+ b)− Fk−2

⌊
a
Fk

⌋
x12 = a− Fk

⌊
a
Fk

⌋
x13 =

⌊
a
Fk

⌋
L2 = Fk x21 = Fk−2 x23 = 1

L3 =
⌊
a
Fk

⌋
+ 1

As a consequence,

B(S) \ S =

{(
a+ b− Fk−2

⌊
a

Fk

⌋
− 2

)
a− b, (Fk−2 − 2) a+

⌊
a

Fk

⌋
(aFk−1 + bFk)− b

}
.

This proves the next two results.

Proposition 1 Assume a > Fk. If S = 〈a, a+ b, aFk−1 + bFk〉 is generated by three pairwise
relatively prime integers, then the dual of S is

B(S) = S ∪
{(

a+ b− Fk−2

⌊
a

Fk

⌋
− 2

)
a− b, (Fk−2 − 2) a+

⌊
a

Fk

⌋
(aFk−1 + bFk)− b

}
.

Theorem 2 The Frobenius number of S = 〈a, a+ b, aFk−1 + bFk〉 where a > Fk and the
generators of S are pairwise relatively prime is

g(S) = max

{(
a+ b− Fk−2

⌊
a

Fk

⌋
− 2

)
a− b, (Fk−2 − 2) a+

⌊
a

Fk

⌋
(aFk−1 + bFk)− b

}
.

This theorem gives a formula for g (Fi, Fi+2, Fi+k), due to Marin et al. [10], when a = Fi
and b = Fi+1. However, we should point out that the technique used in [10], different from
ours, allowed the authors not only to state explicitly when the maximum is obtained in each
case but also to give a formula for the genus (meaning |N\S|) of such Fibonacci semigroups.

3. Duals and Lipman semigroups

In this section, we compare two chains of semigroups. One of the chains is based on the
dual construction. The other chain arises by taking Lipman semigroups. We first describe
the Lipman semigroup. Then we relate it to the dual of S. Finally, we consider these for
Fibonacci semigroups.
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Suppose S = 〈a1, a2, . . . , an〉 is a numerical semigroup with a1 < · · · < an. The Lipman
semigroup of S is defined as

L(S) := 〈a1, a2 − a1, . . . , an − a1〉 .

Clearly, S ⊆ L(S). Moreover, B(S) ⊆ L(S) since x ∈ B(S) implies x + a1 =
∑n

i=1 ciai for
some ci ∈ N.

Given a numerical semigroup S, both its dual B(S) and its Lipman semigroup L(S) are
numerical semigroups. Hence, one may iterate the B and L constructions to obtain two
ascending chains of numerical semigroups

B0(S) := S ⊆ B1(S) := B(B0(S)) ⊆ · · · ⊆ Bh+1(S) := B(Bh(S)) ⊆ · · ·

and
L0(S) := S ⊆ L1(S) := L(L0(S)) ⊆ · · · ⊆ Lh+1(S) := L(Lh(S)) ⊆ · · ·

as in [2]. We will refer to these as the B- and L-chains. Notice that for S 6= N, S $ B(S) and
S $ L(S). This together with the fact that N \ S is finite implies that there exist smallest
non-negative integers β(S) and λ(S) such that Bβ(S)(S) = N0 = Lλ(S)(S). Since

B0(S) = S = L0(S),

B1(S) ⊆ L1(S),

and
Bβ(S)(S) = N0 = Lλ(S)(S),

it is natural to compare the two chains. In [2] the authors suggest that Bj(S) ⊆ Lj(S)
for all 0 ≤ j ≤ β(S). While true for two-generated semigroups, this containment may fail
in general; there are examples of four-generated semigroups T for which B2(T ) * L2(T );
see [5]. This prompts the question of whether or not Bj(S) ⊆ Lj(S) for all j ≥ 0 for a
three-generated semigroup S. Here, we consider this question for Fibonacci semigroups.

Suppose that S = 〈a, a+ b, aFk−1 + bFk〉 where a = Fi and b = Fi+1; that is, suppose

S = 〈Fi, Fi+2, Fi+k〉 .

Then the Lipman semigroup of S is L1(S) = 〈a, b〉. Since a < b, L2(S) = 〈a, b− a〉.
Continuing this process yields the following result.

Proposition 3 Given a Fibonacci semigroup S = 〈Fi, Fi+2, Fi+k〉,

Lj(S) = 〈Fi−j+1, Fi−j+2〉

for all j, 1 ≤ j ≤ i− 3. In particular, λ(S) = i− 3.
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Of course, one may obtain similar results for generalized Fibonacci semigroups. Because
the description depends on sizes of a and b, we omit this here and leave the details to the
reader. Since Lj(S) is a two-generated semigroup, Lj(S) is symmetric for all 1 ≤ j < λ(S).
Therefore, Lj(S) is maximal in the set of all numerical semigroups with Frobenius number
g (Lj(S)). In particular, we notice that if

Fi = min

{
x ∈ B

Fi−
⌊

Fi−1

Fk

⌋
Fk−2−2

(S) : x 6= 0

}
, (1)

then

g

(
B
Fi−

⌊
Fi−1

Fk

⌋
Fk−2−1

(S)

)
= g(S)−

(
Fi −

⌊
Fi − 1

Fk

⌋
Fk−2 − 2

)
Fi = g (L1(S))

[2, Proposition I.1.11]. Hence, if (1) holds and

Fi+1 ∈ BFi−
⌊

Fi−1

Fk

⌋
Fk−2−1

(S), (2)

then
B
Fi−

⌊
Fi−1

Fk

⌋
Fk−2−1

(S) = L1(S)

and Bj(S) ⊆ Lj(S) for all nonnegative integers j would follow from [5, Theorem 2.6]. Un-
fortunately, because B1(S) is not three-generated, B2(S) may not be computed using the
method in Section 2. Instead, one may compute this directly from the definition and obtain
the next result.

Proposition 4 Given a Fibonacci semigroup S = 〈Fi, Fi+2, Fi+k〉

B2(S) =

〈 Fi, Fi+2, Fi+k, l − Fi+2, h− Fi+k if x32 = 1,
l − Fi if k > 4 or x12 = 1, l − Fi+k if x13 ≥ 2 or x13 = x31 = 1,
h− Fi if x31 ≥ 2 or x31 = x13 = 1, h− Fi+2 if x12 ≥ 2 or x12 = x21 = 1

〉

where

h = (Fk − 1)Fi+2 +

(
Fi+2 − Fk−2

(⌊
Fi
Fk

⌋
+ 1

)
− 1

)
Fi − Fi+k

and

l = (Fk − 1)Fi+2 +

((⌊
Fi
Fk

+ 1

⌋)
Fk − Fi − 1

)
Fi+k − Fi.

Consequently,
B2(S) ⊆ L1(S) ⊆ L2(S).

In light of Proposition 4, determining Bj(S) for j > 3 will not be an immediate conse-
quence of Johnson’s method. We leave this (and settling when (1) and (2) hold) as a problem
for further study.
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4. Conclusion

In this paper, we determined the Frobenius number of generalized Fibonacci semigroups. In
addition, we also obtained the dual of such a semigroup. We leave as an open problems to

1. determine if Bj(S) ⊆ Lj(S) for each j ≥ 0 for Fibonacci semigroups S (or, more
generally, three-generated semigroups), and

2. find the Frobenius number and dual of other semigroups generated by generalized
Fibonacci numbers.

We conclude by mentioning another interesting problem relating numerical semigroups and
Fibonacci numbers. M. Bras-Amoros conjectures that the number of semigroups with a
particular genus g behaves asymptotically as the Fibonacci sequence [1].
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