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Abstract. We examine the structure of the Weierstrass semigroup of an
m-~tuple of points on a smooth, projective, absolutely irreducible curve
X over a finite field IF. A criteria is given for determining a minimal
subset of semigroup elements which generate such a semigroup where
2<m<|TF| Forall 2 <m < g+ 1, we determine the Weierstrass
semigroup of any m-tuple of collinear IF 2-rational points on a Hermitian
curve y? +y = 971,

1 Introduction

Let X be a smooth, projective, absolutely irreducible curve of genus g > 1 over
a finite field IF. Let IF(X) denote the field of rational functions on X defined
over IF. The divisor of a rational function f € IF(X) will be denoted by (f) and
the divisor of poles of f will be denoted by (f)eo-

Given m distinct [F-rational points P, ..., P, on X, the Weierstrass semi-
group H(Py,..., Py,) of the m-tuple (Py,..., Py,) is defined by

H(Py,...,Pp) = {(al,...,am) e INy' : 3f € IF(X) with (f)eo :ZaiPZ},
i=1

and the Weierstrass gap set G(Py, ..., Py,) of the m-tuple (P, ..., P,,) is defined
by
G(Py,...,P,) =INg'\ H(P1,...Pp),

where INy := IN U {0} denotes the set of nonnegative integers. If m = 1, the
Weierstrass gap set is the classically studied gap sequence. In [1], the authors
generalized the notion of the semigroup of a point to the semigroup of a pair of
points on a curve. This study was carried on by S. J. Kim [7] and M. Homma [5].
The Weierstrass gap set of an m-tuple of points where m > 2 has been examined
by E. Ballico and Kim [2], and more recently, by C. Carvalho and F. Torres [3].
Weierstrass gap sets play an interesting role in the construction and analysis
of algebraic geometry codes (see [4], [9], [6], [3]). While | G(P;) |= g for any
IF-rational point P; on X, the cardinality of the set G(Pi, ..., P,,) where m > 2
depends on the choice of points Py, ..., Py, [1]. However, any pair of IF j2-rational
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points on a Hermitian curve y? +y = 297! has the same Weierstrass semigroup
[9]. The analogous result does not hold for triples of IF j2-rational points on a
Hermitian curve [10].

In this paper, we consider the notion of a minimal generating subset of a
Weierstrass semigroup of an m-tuple of points on an arbitrary (smooth, projec-
tive, absolutely irreducible) curve over a finite field IF. In Section 2, we discuss
properties of minimal elements of the Weierstrass semigroup. This section con-
cludes with a useful characterization of the elements of the minimal generating
set of the Weierstrass semigroup of an m-tuple of points for 2 < m < |IF|.
An interesting application of this is found in Section 3 where we see that any
m-tuple of collinear IF 2-rational points on a Hermitian curve y? +y = z9%!
has the same Weierstrass semigroup. In addition, we determine this Weierstrass
semigroup and its minimal generating set.

2 Results for arbitrary curves

Let X be a smooth, projective, absolutely irreducible curve of genus g > 1
over a finite field IF. Fix m distinct IF-rational points Py,..., P, on X, where
2<m < |F|. For 1 <l<m,set H := H(Py,...,P,). Define a partial order <
on INg* by (n1,...,nm) < (p1,...,pm) if and only if n; < p; for all i, 1 <7 < m.
It is convenient to collect here two results from [3] that will be used in this
section.

Lemma 1. [3] If (n1,...,nm),(P1,...,Ppm) € Hy and nj = p; for some j,
1 < j < m, then there exists @ = (q1,...,qm) € Hy, whose coordinates satisfy
the following properties:

1. q; = max(n;,p;) fori#j and n; # p;.
2. qi <m; fori#j and n; = p;.
3. q; =n; =0 orq; <nj.

Lemma 2. [3] Suppose that there exists i, 1 < i < m, such that (nq,...,Ny,) is
a minimal element of the set {p € H,, : p; = n;} with respect to <. If n; >0
and nj > 0 for some j, 1 < j <m, j#i, then n; € G(F;).

Proposition 3. Let n € IN™. Then n is minimal in {p € H,, : p; = n;} with
respect to = for some i, 1 < i < m, if and only if n is minimal in the set
{p € Hy, : p; = n;} with respect to = for all i, 1 <i < m.

Proof. Suppose n € IN™ is minimal in {p € H,, : p; = n;} with respect to < for
some 7, 1 < i < m. Without loss of generality, we may assume that ¢ = 1. Suppose
there exists j, 2 < j < m, such that n is not minimal in {p € H,, : p; = n,}.
Then there exists v € Hy, such that v < n, v # n, and v; = n;. Note that
v1 < n as otherwise v € {p € H,, : p1 = n1} contradicting the minimality of n.
Applying Lemma 1, we see that there exists q € H,, with ¢1 = n1, ¢; < n;, and
gi <m;foralll<i<m.Thus,q Xn,q#n,and q € {p € Hy, : p1 =n1}.
This contradicts the minimality of n € {p € H,, : p1 = n1}. Thus, n is minimal
in{peHy:pj=n;}foralj 1<j<m.
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Using these ideas, we set out to describe a subset of H,, that generates the
entire semigroup H,,. To begin, set I';" = H(P}), the Weierstrass semigroup of
the point P;. For 2 <[ < m, define

Fﬁ' :={n € IN' : n is minimal in {p € H; : p; = n;} for some 7,1 < i < }.

The notion of I, is due to Kim [7]. As an immediate consequence of Proposi-
tion 3 and Lemma 2, we obtain the following result.

Lemma 4. For2<I1<m, I," CG(P) x -~ x G(P) .

Using Fl+, we will now describe a subset I; of H; for 1 <[ < m. First, set
I = Ffr = H(P,). For 2 <[ <m, define
r=r+uln € Ny @ (niy, ..., niy) € I for some {iy,... i} ={1,...,m} .
! such that i; < --- <ip and n;,, =---=n;, =0

Clearly, I, is completely determined by {I] l+ 11 <l <m}.

FExample 5. Consider the curve defined by y® + y = z° over IFg4. Let P, = Py
denote the point at infinity and P, = Py denote the common zero of x and y.
It is well known that the Weierstrass gap set of the point Py (and Ps) is

1 2 3 4 5 6 7
10 11 12 13 14 15
19 20 21 22 23

28 29 30 31

37 38 39

46 47

55

Equivalently, the Weierstrass semigroup of the point P; is the additive subsemi-
group of INy generated by 8 and 9; that is, H(Py) = (8,9) := {8a+9b : a,b € Ny }.
Hence, Iy = (8,9). According to [9],

(1,55),(2,47),(3,39), (4,31), (5,23), (6,15), (7,7), (10, 46),
= (11,38), (12,30), (13, 22), (14, 14), (15, 6), (19, 37), (20, 29),
2 7Y (21,21),(22,13),(23,5), (28, 28), (29, 20), (30, 12), (31, 4),
(37,19), (38,11), (39, 3), (46, 10), (47, 2), (55,1)
Then

I; = F2+ U {(n,O),(O,n) ‘ne <859>}
We will show that I, generates H,, by taking least upper bounds. Given
uy, ..., € INJ", define the least upper bound of uy,...,u; by

lub{uy,...,m} = (max{uy,,...,uy },...,max{uy, ,...,uy, }) € N;*

In [7], Kim proved that Hy = {lub{us,uz} € INZ : uy,us € I;}. To obtain a
similar result for H,, where m > 3, we use the next fact which follows immedi-
ately from [3].
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Proposition 6. Suppose that 1 < 1 < m < |F| and uy,...,w € H,,. Then
lub{uy,...,w} € Hy,.

Proof. Let qa := lub{uy,uz}. For 3 < i <[, define q; := lub{q;_1, u;}. Accord-
ing to [3], g2 € H,,,. Repeated application gives q; € H,, for all i € {2,...,1}.
This completes the proof as lub{uy,...,wm} =aq € H,,.

Theorem 7. If 1 < m < |IF|, then
Hp, ={lub{us,...,um} € N{' :uq,...,um € Iy, }.

Proof. The fact that {lub{us,...,um} € N : uy,...,um € Itp} C H,, follows
from Proposition 6.

Suppose n € H,, \ I,. Without loss of generality, we may assume that
n € IN™. (Otherwise, (n;,,...n;) € IN' for some {i1,...,im} = {1,...,m}
such that iy < --- <4 and n; , = --- = n;, = 0, and the same argument
applies to (n;,,...n;)). Then, according to Proposition 3, n is not minimal in
{p € Hy, : p; = n;} for any 7, 1 < i < m. Hence, there exists u; € I}, with
u;, =n;, wy 3 0, and u; # n for each 7, 1 <i < m. Then n = lub{uy,...,um},
completing the proof.

According to Theorem 7 and the definition of I,,, the Weierstrass semigroup
H,, is completely determined by {I7" : 1 <1 < m}. We conclude this section
with a useful characterization of elements of the sets Fﬁ', 1 <1 < m. Todo this, it
is helpful to consider dimensions of certain divisors. For a divisor D on X defined
over IF, let L(D) denote the set of rational functions f € IF(X) with divisor
(f) > —D together with the zero function. Then L(D) is a finite dimensional
vector space over IF. Let [(D) denote the dimension of the vector space L(D)
over IF. The Riemann-Roch Theorem states that [(D) = deg D+1—g+I(K —D),
where K is any canonical divisor on X. This gives a characterization of elements
of the Weierstrass semigroup of an m-tuple (P, ..., P,,) according to dimensions
of divisors supported by the points Py, ..., P,,. This is an easy generalization of
a lemma due to Kim [7].

Lemma 8. For (aq,...,ay) € IN™, the following are equivalent:
(i) (a1,...,0m) € H(Py,..., Py).
(ZZ) Z(Z:il Oé,'Pi) = l((()éj — I)Pj + Zil,iyﬁj OéiPz') +1 forallj, 1<j<m.

Proposition 9. Let 1 <I<m <|IF | andn € IN'. Then n € 1”1+ if and only
ifn e H and (X (nj — 1)P;) = l((ng — 1)Pe + X\, .y Py) for all k,
1<k<L

Proof. Suppose n € I}". If l(Zé.:l(nj - 1)P;) #l((nk — 1) Py + Z;:L#k n;P;)
for some k, 1 < k <[, then there exists v € H; with v < n, v < n, — 1, and
vy = ng for some ¢, 1 <t <|[. Thils contradicts the assumption thatln is minimal
in{p € H;:pt = n}. Thus, I(32;_, (nj —1)Pj) = U((n — 1) P+ 3251 j26 15 F)
forall k, 1 <k <I.
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Suppose n € Hy and (Y (n; — 1)P;) = I((nk — 1) P+ X, ni Py) for

j=1
all k, 1 < k <. This implies

1 l l
L <(Tl1 — 1)P1 + Z anj) = L (Z(n] — 1)P3> = L (nk — 1)Pk —+ Z anj

j=2 j=1 _7 =1
ik
for all k, 1 < k <1, a8 L(X'_y(nj — 1)P;) € L((nk — 1)Pe+ X5y o1 Pp).
Ifn ¢ Fl*, then there exists u € H; with vy = ny, u < n, and u # n. In
particular, up < ng forlsome k, 2 < k <. Thus, there exists a rationall function
feL((ng— 1)1’:)]~C + Zj:Lj;ék ’I’Lij) such that f ¢ L((nl - 1P + Zj:? anj),
which is a contradiction.

3 Computation of H(Py,...,P,,) for collinear points
Py,...,P,, on a Hermitian curve

In this section, we restrict our attention to the curve X defined by y? 4y = z9+!
over IF 2. Given a,b € IF 2 with b9 +b = a?t!, let P,;, denote the common zero of
z—a and y—>b. Fix a € IFj2. Then there are exactly g elements ba,...,bs1 € Fp2
such that bf +b; = a?"'. Set P, = Ps, Py = Pap,, Ps = Papys - .-, Pyy1 = Pap ., -
For 1 <m <gq+1,let H, := H(Py,...,P,). We set out to determine I, for
all<m<qg+1.

Notice that the divisors of z — a and y are given by

q+1
(r—a)=3 P, P and  (4)=(g+1)(Poo ~ Pxo).

It will also be useful to consider functions hgp, := y — b; — a%(x — a) where
2 <14 < g+ 1. Note that the divisor of hgy, is given by

(hab;) = (¢ + 1)(Pab; — Peo)

(see [8]). Using the functions x and y and the fact that X is a curve of genus
@, one can check H(P;) = (q,q + 1) and that the Weierstrass gap set G(P;)
is
1 2 ‘e q—2 q—1
(g+1)+1 (g+1)+2 - (¢g+1)+(¢—2)

(-3t +1(g-3)g+1)+2
(g—2)(g+1)+1

In fact, the above set is the Weierstrass gap set of any IF »-rational point on X.
Given o € G(P) where P is any IF2-rational point, o can be written uniquely
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asa = (t—j)g+1)+jwith1<j<t<qg—1. Here, j denotes the column
containing o and t denotes the diagonal containing « in the above diagram.
From above, I'lt = H(P) = (q,q + 1). According to [9, Theorem 3.7],

. . - N 1< i<ttt <g-1
I = — 1 - 1 : e .
R (R R AR R I Bt Alinnioul

To describe It for 3 < m < g+ 1, we must set up some notation. Given
1<m<qg+1,t=(t1,...,tm) € N, and j € IN, define

Yo = (G =) g+ 1) +4, (=) g+ 1) +4,...,(tm — 5) (g + 1) + ) € NG".
Notice that if 1 < j <t; <g—1forall 1 <i<m, then
Yt,5 € G(Pl) X G(PQ) X oo X G(Pm)

We next show that certain vt ; form a generating set for the Weierstrass semi-
group H,,.

Theorem 10. Let a € Fp2 and P, = Py, Py = Py, P3 = Papy, ..., Pyp1 =
Pap,.y be g+ 1 distinct IF g2-rational points on the Hermitian curve X defined
by y? +y=a9t For2<m<q+1,

B = et oG, Y

m 1<j<t; <g—1foralll1<i<m
In particular, the Weierstrass semigroup H(Pi,. .., P,,) is generated by

nE]NgL:(7”Li1,...ml)zfywEFIJr and n;,,, =---=mn;, =0
for some [ € IN and {é1,...,im} ={1,...,m} '

Proof. We begin by setting up some notation. For 2 < m < g+ 1, set

S, = {%J. St =g+ (m—1)(j - 1), }

1<j<t; <g—1foralll <i<m
For each 2 <1 < ¢+ 1, let h; := ha, € IF2(X) be as above so that
(hi) = (¢+1)P — (¢ + 1) 1.

Given v := (v1,...,0m) € Z™, let vt = (v;,,...,v;,) € N' where i; < --- < i
and v; > 0 if and only if ¢ = i, for some 1 < r < [; that is, v is the vector
formed from v by deleting each coordinate of v containing a negative or zero
entry.

We will prove that It = S, by induction on m. By [9, Theorem 3.7,

F;_:{'Y(tl,tz),j5t1+t2:q+]’*171 <j<t,ta<g—1} =25y,

which settles the case where m = 2. We now proceed by induction on m > 3.
Assume that Fﬁ' =S holds for all 2 <1 <m — 1.
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First, we claim that S,, C I}. Let v¢,; € Sy, Then

(x —a)s=I+L = . .
To—j+1; ta—j+1 trn—j+1 = Z((ti — D@+ 1)+ )P
R h I L g
Hence, vt ; € Hpp.
In order to show that ~¢ ; € I}, it suffices to prove that ¢ ; is minimal in

{p€H,y :p1=(t1—5)(¢g+1)+j}. Suppose ¢, ; is not minimal in
{peEHp p1=(t1—j)a+1)+j}

Then there exists u € H,, with uy = (t1 —7)(g+1) + 7, u = v¢;, and u # ¢ ;.
Let f € IFp2(X) be such that (f)oe = w1 P1 + -+ + Uy Pp. Without loss of
generality, we may assume that w, < (tm, — j)(¢ + 1)+ j as u # =g ; gives
u; < (t; —j§)(g+ 1) + j for some 2 < ¢ < m and a similar argument holds if
2 <1< m—1. Hence,

U = (tm —J)g+1)+j—k

for some k > 1. There are two cases to consider:

(1) 5> k.
(2)j <k
Case (1): Suppose j > k. Then
) ) m—1
(fhlp = (x —a)™F) = (i+tm—i—k) (g+1)+k)Pi+ Y max{u;—(j—k), 0} P;.
=2

Therefore,
vi=((t1+tm—J7—k)(g+1)+kve,...,um_1) € Hp_1,

where v; = max{u; — (j — k),0} for 2 <i <m — 1. Set

W= Y (it tm—gta—j+1+kts—j+k, .. tm_1—j+k) k-

Clearly,
v X w.

Note that
wE S, 1

since tg 4ty —j+ta —j+1+k+ S0 i —7+k) =g+ (m—2)(k - 1),
k<ty—j+l+k<ty<qg—-lasj—k>0k<t;—j+k<t; <qg—1
for 3<i<m-—1,and k < j <t +tm —j < q—1 (otherwise, "' t; <
(m—2)(j — 1) < (m —2)j). By the induction hypothesis, S,,_1 = I';" |, and so

m—1

wel .
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By Proposition 3, w is minimal in {p € H,,,—1 : p1 = (t1 +tm—J—k)(¢+1)+k}.
This leads to a contradiction as

ve{peH 1 :p1r={1+tm—37—k)(g+1)+Ek},

v < w, and

vV £ w.
Case (2): Suppose j < k. Then

m—1
(flig =) o= (L +tm = 20) @+ 1)+ H)PL+ Y wP;
=2

which implies that
V= ((tl +t’m _.7 _j>(q+ 1) +j7u25"-7um71) € H’mfl-

Note that there exists i, 2 < ¢ < m — 1, such that ¢; < ¢ — 1 since otherwise
2 <ty +tm=q+m-1E—-1)— (m—2)(¢— 1) implies that 0 < 2 —m
contradicting the assumption that m > 3. We may assume that ¢ = 2 as a similar
argument holds in the case 2 < ¢ < m — 1. Set

W= Y (bt tm—d,ta+1,t5. o tm—1),

Clearly,
v X w.
Also note that
wE S, 1
Sincetl—l—tm—j—l—tg—l—l—kzyiglti:q+(m—2)(j—1),j§t2—|—1§q—1as
to<qg—1,7<t; <g—1for3<i<m-—1,and j <t;+t,, —j < q—1. By the
induction hypothesis, S,,_1 = I't_,, and so

m—1
w € F:;_l.

By Proposition 3, w is minimal in {p € Hy,—1 : p1 = (t1+tm—7—7)(g+1)+j}.
This leads to a contradiction as

Ve{pEHmfl:plz(t1+tm_j_j)(q+1)+j}7
v Xw, and
vV #W.

Since both cases (1) and (2) yield a contradiction, it must be the case that
~¢,; is minimal in {p € Hy,, : p1 = (t1—7)(¢+1)+j}. Therefore, by the definition
of Il we have that ~¢ ; € I';;. This completes the proof of the claim that

m?
Sm C L},

Next, we will show that I}’ C S,,. Suppose not; that is, suppose that there
exists n € I\ Sy,. Then there exists f € IF2(X) with pole divisor (f)ec =
niPy + -+ 4 ny, Pp. By Lemma 4,

nGF;; CG(P) x G(P) x -+ x G(Pp,).
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Thus,

n=((t1 —ji)(g+1)+j1,(ta —j2) (@ + 1) +Jo2, ..o, (b — Jm) (@ + 1) + Jim)

where 1 < j; < t; < g—1for all 1 < ¢ < m. Without loss of generality, we
may assume that j,, = max{j; : 2 < i < m} as a similar argument holds if
Jr = max{j; : 2 <i < m} for some 2 <r <m — 1. Then

m—1

(fhlp ) e = (1 + (tm — Jm + D@+ 1))PL+ > _ P,
=2

which implies that (nq + (¢ —jm +1)(¢+1),n2,...,nm—1) € Hp—1. Then there
exists u € I,,_1 such that
u j (nl + (tm - .]m + 1)(q + 1)7”’27 o 7nm—1)

and ug = ng = (2 —Jj2)(g+ 1)+ jo. If u; < ny, then (uy, ..., umn—1,0) < n which
contradicts the minimality of n in {p € H,, : po = na}. Thus, u; > ny > 0. By
the induction hypothesis,

ut =y, g €SI =1
for some [, 2 <1 < m — 1, and some (T;,,...,T;,) and j" satisfying 1 < j' <
T, <g—1for1<r<land erzl T;. =q+ (I —1)(j' — 1). Hence, there exists
an index set {i1,...,0m_1}={1,...,m — 1} such that i; < iy <--- <4; and

, _{(Tir—j/)(q+1)+j’ if1<r<li
Ui =1 fl+1<r<m-—1°

Since u; > ny > 0, 47 = 1. Similarly, i = 2 because us = ny # 0. Since

(To — i) g+ 1)+ 35 =i, =us = (t2 — j2)(¢+ 1) + j2
implies that (¢+1) | (j — j2), we must have that j' = jo as —(¢—1) < j —jo <
q — 1. In addition, Ty = t5. As a result,

+

U =Y(1,T2,Tiy,....Ts, ) sd2>

Ug,, =

r

{(Tir—jz)(q'f‘l)'i‘jz if 1<r <1
0 fl+1<r<m-1’

T+ To+Ti 4+ +T;, =q+(1—1)(ja—1),and jo < T; < g—1foralll1 <r <.
At this point, we separate the remainder of the proof into two cases:
(1) uy — (tm — Jm + 1)(q+ 1) >0
(2)ur = (tm — Jm +1)(g+1) <0
Case (1): Suppose uy — (tm — jm + 1)(¢+ 1) > 0. Since ¢ + 11 jo, it follows
that uy — (6 — Jm + 1)(¢+ 1) > 0. Set

V= (ul - (tm 7jm+1)(q+1),U2,’U,3, ey Um—1, (tm 7]m +]2 7]2)(q+1) +JZ)
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Notice that v < n since u1 < ny+ (b —Jm +1)(g+1), u; <n; for 2 <i <m-—1,
and ja < jp, = max{j; : 2 <i < m}. We claim that vt € S;,1. To see this, it is
helpful to express vT as
vh = V(T —tm+im—1,T2,Tig ., Ti) st —Gm+i2) 2

It is easy to see that 71—ty +Jm—14+To+Ti, +- - -+ Ti, +tm—Jm+i2 = ¢+(j2—1),
T — (b —Jm) =1 <Th <qg—1,750 <T;, <qg—1for2 <r <, and
j2 < tm_jm+j2 < tm < q_lasz S]m Ile_tm+]m_1 <j27 then
w1 — (tm — Jm + 1)(g+1) = (T — jo — (b — Gm + 1)) (g + 1) + j2 < 0 which is not
the case. Thus, j2 < T1 — tm + jm — 1, establishing the claim that v* € S ;.
Since S;41 C FZJ_FH C Hj;1, it follows that v € I, € H,,. Now, v < n and
n € I} force n = v as otherwise n is not minimal in {p € H,, : po = na2}.
Hence, I +1=m and n =v = v™' € S,,, which is a contradiction.

Case (2): Suppose that us — (£, — jm +1)(g+1) < 0. There are two subcases

to consider: _
(a) j1 < t1.
(b) j1 = t1.

Subcase (a): Suppose j; < t1. Set
vi=((ti—jiti2—1=j2)(g+ 1) +j2,uzs ... um—1, (T1 —t1 +j1—j2) (¢ +1) +2).

Notice that v < n and v # n since (t; —j1 —1)(¢+1) +jo < (t1 —j1)(g+1) <
(t1—Ju)(g+ 1)+ g1, u; <myfor 2<i<m-—1,and u3 < (tyy, — jm + 1)(¢+ 1)
implies that T7 — jo < t,, — Jym which leads to (17 —¢1 +j1 — j2)(¢+ 1) + ja <
(tm — jm)(@ + 1) 4 jm as jo < jm. The fact that j, < t; gives v € IN'F1. We
claim that vt € S;;1. To see this, it is helpful to express v* as
vt = L N
’\/(t1*31+]2*1,T2,T7:37---7Til JTi—t1+j1),d2°
It is easy to see that ¢; —j1 +jo —14+To +Ts, + -+ 15, + 11 —t1 + j1 =
q+1(j2—1), 52 <T;, <q—1for2<r <1, jp <t; —j1+j2—1asji <t,and
Ty — (t1 — j1) < ¢ — 1. In order to conclude that v € Sy, 1, it only remains to
show that t1 —j1+j2—1 < ¢—1 and jo < T7—t1+71. It suffices to show that jo <
Ty —t1+ 71 since this implies that jo < g¢—(t1—j1) andsot;1 —j1+jo—1 < g—1.
If jo > Th —t1+ 1, then (11 —j2)(¢+1) < (t1 —j1)(¢+1) + j1 — j2, contradicting
the fact that u; > ny. Hence, jo < Ty —t; +j; and v € Sj11 C Flil CH. It
follows that v € H,,, and so v € {p € H,, : p2 = n2}. This yields a contradiction
as n is minimal in {p € H,, : p2 = na}, concluding the proof in this subcase.
Subcase (b): Suppose that j; = t1. Set

Vv Ii= (07U2, ey Um—1, (Tl _.]2)((] + 1) +]2)

Then v < n and v # n since 0 < ny, u; < n; for 2 < i < m — 1, and
uy < (tm — Jm + 1)(¢+ 1) implies Ty — jo < t;, — Jmm which means (17 — j2)(q +
1) 4+ Jo < (tm — Jm)(@+ 1) + Jm as Jo < jm. It is easy to see that vt € S; as

Zileir =q+(—1)(ja—1)and jo <T;, < qg—1forall 1 <r <I. As before, it
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follows that v € H,, and v € {p € H,, : po = na}. Since v # n, this contradicts
the minimality of n in the set {p € H,, : p2 = na}, concluding the proof in this
subcase.

Since both cases (1) and (2) yield a contradiction, it must be the case that no
such n exists. Hence, I';7 \ S,, = 0. This establishes that I} C S,,, concluding
the proof that I} = S,,.

To illustrate Theorem 10, we provide an example.

Example 11. As in Example 5, consider the curve X defined by y® +y = 22 over
IFgs = IFQ(LLJ) where w8 +w*+w3+w+1=0. Let P, = Py, P, = Py, P3 = Py,
Py = Py,o. Since It = (8,9) and I, is described in Example 5, to determine
H(Py, Py, P3) it only remains to find I';". By Theorem 10, I';s =

,1,46),(1,10,37), (1,19, 28), (1,28,19), (1,37, 10), (1,46, 1),
,2,38),(2,11,29),(2,20,20),(2,29,11), (2, 38, 2),

,3,30), (3,12,21), (3,21,12), (3, 30, 3),
,4,22),(4,13,13),(4,22,4),

,5,14), (5,14, 5), (6,6, 6),

,1,37), (10,10, 28), (10, 19, 19), (10, 28, 10), (10, 37, 1),
,2,29),(11,11,20), (11,20, 11), (11,29, 2),
,3,21),(12,12,12), (12,21, 3),

bt )7 (]‘3’ ]‘3’4)7

), (19,10, 19), (19,19, 10), (19, 28, 1),
),(20,11,11), (20,20, 2),
)’ (21’ 12’ 3)7

);(28,10,10), (28,19, 1),
), (29,11,2),

), (37,10, 1),

P e e e e e e T e N e e
AW W WNNNDNDNRFE = = ==t WhN -

DO N OO~ O O~ WNRO
PN WN =R W O W N e
N W PR FRFNDDNDOTFEDNDDN WRDNO D

—— O~ R O — N O O~ W Krr O
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To find H(Py, Py, Ps, P;), we only need to apply Theorem 10 to see that I';7 =
1,37),(1,1,10,28), (1,1,19,19), (1, 1,28, 10), (1, 1,37, 1), (1, 10, 1, 28),
,10,19), (1,10,19, 10), (1, 10,28, 1), (1,19, 1, 19), (1,19, 10, 10), (1,19, 19, 1),
11,10). (1,28, 10,1, (1,37, 1.1)

9), 1

2

)

)

) I

);
(1 (1,
2, 2,11,20),(2,2,20,1 ), (2,2,29,2),(2,11,2,20),(2,11,11,11),
), (2 ,20,2,11),(2,20,11,2),(2,29,2,2)7
,(3,3,12,12),(3,3,21,3),(3,12,3,12), (3,12,12, 3), (3, 21, 3, 3),
(4 )

1
1
2
2,

11,2
3, (
4,4,13), (4,4,13,4), (4,13,4,4),
15,5,5),

,2

0,
3,2
4,1
5,5
1,1

,28), (10, 1,10,19), (10, 1,19, 10), (10, 1,28, 1), (10, 10, 1, 19), (10, 10, 10, 10),
0,1

), )

1), (10,19, 1,10), (10,19, 10, 1), (10, 28,1, 1),

),(11,2,11,11), (11,2,20,2), (11,11,2,11), (11,11, 11, 2), (11, 20, 2, 2),
)

12), (12,3,12,3), (12,12, 3,3),

1
2
9,
12,2,20
,3,12
.4, 4),
) 1, 19), (19,1,10, 10), (19, 1,19, 1), (19, 10, 1, 10), (19, 10, 10, 1), (19, 19, 1, 1),
11),(20,2,11,2),(20,11,2,2),

)
0),(28,1,10,1),(28,10,1,1),
)
)

Similarly, one can use Theorem 10 to find F;', Fg‘, F7+, F8+, and F9+.
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