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Motivation

How can one identify physical mechanisms 
in an unsupervised manner based on given data?
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Reduced-order modelling

Navier-Stokes equation

POD Galerkin models

Liouville equation
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Reduced-order modelling

Navier-Stokes equation

POD Galerkin models

Liouville equation
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CROM approach

Construct cluster
Transition matrix

Markov modelDiscretised 
state space

(cluster analysis)

Kaiser et al (2013) JFM Preprint; Burkardt, Gunzburger & Lee (2006); Schneider, Eckhardt & Vollmer (2007)

Data

Kinematics Dynamics

Discrete snapshots
of a limit cycle

How can one identify physical mechanisms in an unsupervised manner based on given data?
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 2D incompressible mixing layer                   

 Velocity ratio

 Reynolds number

 Finite-difference Navier-Stokes solver (Daviller)

       snapshots

POD expansion:

Galerkin projection:

Dynamical system:

Mixing layer
Daviller (2010); Cavalieri et al. (2011); Noack eta al. (2003); Cordier et. al (2013) 

POD Galerkin model
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Flipper cluster:
Transitions between the 
two groups are mostly
via cluster 7.

Markov model of the mixing layer

Direct transition:
Transition between the two 
groups is only possible 
via cluster 9.

Oscillations:
Intrinsic periodical behaviour
is distilled.

Identification of branching clusters between different regimes.
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Mixing layer – Cluster transition model

Vortex pairing cluster group Kelvin-Helmholtz cluster group

Flipper cluster

 Most clusters are 'phase bins'.

 Centroids are aligned with the dynamical evolution of the flow.

 Identification of two shedding regimes. 

 Flipper cluster acts as a switch between both shedding regimes. 
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Mixing layer – Attractor properties

Transients

Distribution of the data

Asymptotic distribution of
the model 

Attractor

Backwards integration
possible

All initial information
is lost

Error of
Markov model

Prediction horizon

Kullback-Leibler
entropy
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Lorenz attractor
Lorenz (1963)

Lorenz equations:

Equidistantly sampled solution:

Clustered Lorenz attractor Transition matrix
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Identification of branching regions and oscillatory cluster groups.
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Ahmed body

 3D turbulent bluff body , LES                  

 Reynolds number

       snapshots

Transition matrix Forces

Oesth, Noack, Krajnovic (2013) JFM 

Identification of bi-modal states.

Simplified cluster transitions

a) Three cyclic groups: two asymmetric 
meta-stable states & sym. transition region

b-d)  Mean velocity fields of thecluster 
groups.



Eurika Kaiser & friends Cluster-based reduced-order modelling (CROM) 15

Comparison CROM vs. POD GM

Do you want to know more about it? - Visit: www.ClusterModelling.com

Liouville equation NSE
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