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Classical cohomology

Notations:

1. X = Gr(p,m), the Grassmannian of sub-
spaces of dimension p in C™,

2. D(p,m —p) the p x (m — p) rectangle.

e H*(X) - a graded Z—algebra with a Z-basis
consisting of Schubert classes o).

Here A = (\q,..., \p) varies over the parti-
tions included in D(p, m—p) and the degree
of oy is |A| = A1 4 ... + A\p.

e Mmultiplication:
O\ Opu — ZCK,/LOV

where c>\ is the Littlewood-Richardson co-
efficient (abbrewated LR).



Quantum cohomology

Notation: QH*(X).

e QH*(X) is a graded Z[qg]—algebra, where ¢
IS an indeterminate of degree m.

e it has a Z[q]—basis {o)} where X varies over
the partitions included in D(p,m — p).

e Mmultiplication:

oNKOp = Y Zq cAu(d)aV

d=z0 V

where c>\ (d) is the (3-point,genus 0) Gromov-
Witten (GW) invariant, which counts the
number of rational curves of degree d pass-
ing through general translates of Schubert
varieties 2, €, and Qv (where vV is the
partition dual to v).



Equivariant cohomology

T ~ (C*)™ acts on X by the action induced
by the GI(m)—action.

HZr(pt) (the T'—equivariant cohomology of
a point), is equal to the polynomial ring
Z.[t] where t = (t1,...,tm).

H7(X) is a graded Z[t]—algebra, with a
Z.[t] —basis

{GI}ACD(p,m—p)'

multiplication:

O')\ 0 ZCA,M(t)O'

v

where c§ (t) are homogeneous polynomi-
als in Z[t] of degree |\| 4+ |u| — |v|.

if [A\|4|u|—|v| = O one recovers the classical
Littlewood-Richardson coefficients.



Equivariant quantum cohomology

Notation: QHZL(X).

e QHY.(X) is a graded Z[t][q] —algebra, where
q is an indeterminate of degree m.

e it has a Z[t][g]—basis {ox}xcD(pm—p)-

e Mmultiplication:

o OO = > > qch”u(d; t)ou
d=>0 V

where CKu(d; t) is the (3-point, genus 0)

equivariant GW-invariant (Givental-Kim).

o X u(d;t) is @ homogeneous polynomial in A
of degree |A\| + |u| — |v| — md.



The coefficient Ci,u(d;t) when d = 0.

If d =0 then
cK)M(O; t) = CK’M(t)

where ciﬂ(t) is the equivariant coefficient.

Properties of the equivariant coefficients:

° CK,,u(t) S Z}O[tl —to, ey tyy—1 — tm] (W. Gra-
ham [year], for any G/P).

e A closed, positive formula for c§ u(t) (in the
sense above) is known, in term of weighted
puzzles (A. Knutson - T. Tao [year]).



The case |\ + |p| = |v| + md

This is the case when the polynomial degree
of c§ M(d;t) is equal to zero. Then

CK’M(d' t) = CK’,UJ(CZ)
where c)\ (d) is the GW invariant. There are
several algorlthms to compute these invariants:

e the quantum Pieri and Giambelli formulae
of A. Bertram [year].

e rim-hook algorithm of A. Bertram - W.
Fulton - I. C.-Fontanine

e the reduction to two-step flag manifolds of
A. Buch - A. Kresch - H. Tamvakis

e the toric tableau approach of A. Postnikov.

e using I. Coskun's degenerations.



Vanishing of certain coefficients cg\u(d; t)

The coefficients for which both d > 0 and |A|+
lu| — |[v| — md > 0 are called mixed.

Lemma 1 Let M\, u,v be three partitions in-
cluded in p x (m — p) rectangle and let d be
a positive integer. Suppose that |A| + d2 >
lv| +md. Then CK’M(CZ; t) =0.

The lemma implies the vanishing of all mixed
coefficients of the form cf (1)(d; t).

Proof: d > 0 and cj (1)(d;t) mixed implies that

A 4+d? > M +1> v+ md

This implies an equivariant quantum Pieri-
Chevalley formula.



Equivariant quantum Pieri-Chevalley
formula

Theorem 1 The following formula holds in

QH(X):
ONOO(1) = > ou+ cﬁ,(l)(t)ak + qo -
p—A
where
\ p m
CA,(l)(t) — Z bn—pti—N; — Z ty-
=1 j=m—p-—+1

e here 4 — X means that A\ C p and |u| =
A+ 1.

e )\~ is obtained from A\ by removing m — 1
boxes from its border rim. The last term
iIs omitted if A= does not exist.

No mixed terms!



Examples

of \™

A~ does not exist.



An algorithm

In the next result c§ M(d;t) are just homoge-
neous rational functions (not necessarily poly-
nomials) of degree |\| + |u| — |v| — md.

Theorem 2 The coefficients c§ u<d; t) are de-
termined (algorithmically) by:

(a) (multiplication by (0))

N oo (1 ifd=0
A (0)(dit) = { 0 otherwise

(b) (commutativity) cg\,u(d; t) = CZ,A(d; t)

(c) (special associativity)

o(1) 0 (oroou) = (0(1) 00)) o0y (1)
for any \ # pu.
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A recurrence formula

Let

FI/,)\(t) — C%l),y(t) - Cz\l),)\(t)
Given EQ Pieri-Chevalley the special associa-
tivity equation (1) is equivalent to:

Byt (d; t) = (Z & (dit) — 3 cfw(d;t))
d—A v—(
+ (- (d—1;0) — & (d — 1;0))

for any partitions A\, u,v and any nonnegative
integer d.

e T isthe partition obtained from v by adding
m — 1 boxes to the rim-hook.

This formula, in the equivariant setting, was
used by Knutson-Tao to derive their puzzle for-
mula for CKM(t).

11



T he induction

Recall the formula

Fya(B)es ,(d;t) = (Z 4 (dit) — 3 cfw(d;t))

d—A v—(
1% . I/_l_ .
+ (CA_,M(d —1;) — c§,(d—1; t))

for any partitions A, u,v such that A = v. We
use double induction:

e ascending on d.
e descending on the polynomial degree.

For a fixed d, it remains to investigate the
cases when A = y = v and when cK,H(d;t) has
the maximum polynomial degree.
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Case \ G v

In the recurrence formula, the coefficient c§ u(d; t)
IS determined by

e coefficients of smaller degree d.

e coefficients of the same degree d, but with
larger .

e coefficients of the same degree d, but with
smaller v.

This implies that:

Lemma 2 The coefficients CK,u(d; t) such that
either A or u is not included in v are determined
by those of degree d — 1, or are equal to zero
if d = 0.
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An example

Take X = Gr(2,4). Want to compute Cg% (2)(1; t).
The recurrence formula vields ’

(20 oy (Lit) + ety oy (11)

(2) . -— 6(2),(2) (1,1),(2)
‘(1)) (1) = T
(1) .
c (1;2)
_ (), _
Ty — Th + (deg d =0 terms)
(2) - (1) .
et oy (Lit) = HOTONSII O NN

+ (deg 0)

° C%gg,(z)(l;t) = 0 by hypothesis.

(2) . (1) . (1) .
* (1), 2)(1it) €1y (0y(1it) and cig) 5y (1:1)
can be reduced to a combination of terms

of degree d = O.
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An algorithm for the coefficients c/A\)\(d;t)

Let @ C XA (one should think at a = (0) or
a = (1)). Define a rational function in Q[¢],
denoted R) ,(t) as follows:

-1 1 :
> 1L =0 F, a(i)(t) T A %= «
1 if o= A\
In the case A # «, [ denotes the nonnegative

integer |A\| — |a|, and the sum is over all chains
of partitions

R)\,oz(t) — {

A=aP) ol o) 40 = ¢

Lemma 3
c;\é"i = R/\,Oé(t)c;\’iZ + (deg d—1 terms)

If d =0 the degree d — 1 part vanishes.
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The case of maximal polynomial degree

Fix d and let cg\ﬂ(d; t) of maximal polynomial

degree. Then A\ = u = (m — p)P (the full rec-
tangle) and v = (0). The recurrence relation

yields

0 .
_ Cgm)—p—l)p‘l,u(d — LY

(0) 1) —
"G () F(0),(m—py(t)
(m_p’lp—l) .
_ Ym-p)P.u (d—1:1)
F(0y,(m—pyr(t)

which shows that the coefficient (%) (d; t)
_ _ o (m—p)P,(m—p)P
IS determined by coefficients of degree d — 1,

known by induction on d.
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A consequence of the algorithm

Corollary 4 Let (A,¢) be a graded, commuta-
tive, associative Z[t][q]—algebra with unit such
that:

1. A has an additive Z[t][q]—basis {t\} (graded
as usual).

2. The equivariant quantum Pieri holds, i.e.

Ly © t(l) = Z ty + Cﬁ,(l)(t>t>\ + gt -
p—A

where the last term is omitted if A= does not
exist.

Then A is canonically isomorphic to QHZ.(X),
as Z[t][q]—algebras.

17



Positivity

Theorem 3 The coefficients cgu(d; t) are ho-
mogeneous polynomials in Z[t] such that

CK,M(d; t) S ZEO[tl — 12,y tm—1 — tm]

e Case d = 0 (equivariant coefficients), con-
jectured by D. Peterson, proved by W. Gra-
ham.

e T he proof of the positivity is purely geo-
metrical. An interesting question is to de-
rive positivity from the algorithm.
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Further work

All the results generalize to the case G/P. We
have obtained:

e EQ Chevalley - with no mixed terms.

e An algorithm to compute the structure co-
efficients - it is determined by the same
equations (but now one has more divisor
classes - one for each simple root not in
the Weyl group of P).

e Positivity holds, and it is expressed in terms
of negative simple roots.
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A consequence in quantum cohomology
of G/P

One gets an algorithm to compute the GW-
invariants for G/P. So far, these coefficients
have been computed using:

e Peterson comparison formula which writes
a coefficient ¢ ,(d) (u,v,w minimal length
representatives for W/Wp) on G/P as a co-
efficient, of possibly different degree, on
G/B.

e polynomial representatives for quantum Schu-
bert classes.

e Quantum Chevalley formula.

(On G/B the (quantum) cohomology is
generated by divisors).

Except for the EQ Chevalley, we don’t use any

of these.
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Possible directions

e A. Knutson - T.Tao prove that their puz-
zles satisfy the equivariant restriction of
the recurrence formula (X- Grassmannian).
Are there EQ puzzles ?

e Find polynomial representatives for the EQ
Schubert classes. In type A, A. Kirillov pro-
poses some double Schubert polynomials,
but one has to check if they satisfy the EQ
Chevalley formula.
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