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Classical cohomology

Notations:

1. X = Gr(p, m), the Grassmannian of sub-
spaces of dimension p in Cm.

2. D(p, m− p) the p× (m− p) rectangle.

• H∗(X) - a graded Z−algebra with a Z-basis
consisting of Schubert classes σλ.

Here λ = (λ1, ..., λp) varies over the parti-
tions included in D(p, m−p) and the degree
of σλ is |λ| = λ1 + ... + λp.

• multiplication:

σλ · σµ =
∑

cν
λ,µσν

where cν
λ,µ is the Littlewood-Richardson co-

efficient (abbreviated LR).

1



Quantum cohomology

Notation: QH∗(X).

• QH∗(X) is a graded Z[q]−algebra, where q
is an indeterminate of degree m.

• it has a Z[q]−basis {σλ} where λ varies over
the partitions included in D(p, m− p).

• multiplication:

σλ ? σµ =
∑

d>0

∑
ν

qdcν
λ,µ(d)σν

where cν
λ,µ(d) is the (3-point,genus 0) Gromov-

Witten (GW) invariant, which counts the
number of rational curves of degree d pass-
ing through general translates of Schubert
varieties Ωλ, Ωµ and Ων∨ (where ν∨ is the
partition dual to ν).
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Equivariant cohomology

• T ' (C∗)m acts on X by the action induced
by the Gl(m)−action.

• H∗
T (pt) (the T−equivariant cohomology of

a point), is equal to the polynomial ring
Z[t] where t = (t1, ..., tm).

• H∗
T (X) is a graded Z[t]−algebra, with a

Z[t]−basis

{σT
λ }λ⊂D(p,m−p).

• multiplication:

σT
λ · σT

µ =
∑
ν

cν
λ,µ(t)σ

T
ν

where cν
λ,µ(t) are homogeneous polynomi-

als in Z[t] of degree |λ|+ |µ| − |ν|.

• if |λ|+|µ|−|ν| = 0 one recovers the classical
Littlewood-Richardson coefficients.
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Equivariant quantum cohomology

Notation: QH∗
T (X).

• QH∗
T (X) is a graded Z[t][q]−algebra, where

q is an indeterminate of degree m.

• it has a Z[t][q]−basis {σλ}λ⊂D(p,m−p).

• multiplication:

σλ ◦ σµ =
∑

d>0

∑
ν

qdcν
λ,µ(d; t)σν

where cν
λ,µ(d; t) is the (3-point, genus 0)

equivariant GW-invariant (Givental-Kim).

• cν
λ,µ(d; t) is a homogeneous polynomial in Λ

of degree |λ|+ |µ| − |ν| −md.
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The coefficient cν
λ,µ(d; t) when d = 0.

If d = 0 then

cν
λ,µ(0; t) = cν

λ,µ(t)

where cν
λ,µ(t) is the equivariant coefficient.

Properties of the equivariant coefficients:

• cν
λ,µ(t) ∈ Z>0[t1− t2, ..., tm−1− tm] (W. Gra-

ham [year], for any G/P ).

• A closed, positive formula for cν
λ,µ(t) (in the

sense above) is known, in term of weighted

puzzles (A. Knutson - T. Tao [year]).
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The case |λ|+ |µ| = |ν|+ md

This is the case when the polynomial degree
of cν

λ,µ(d; t) is equal to zero. Then

cν
λ,µ(d; t) = cν

λ,µ(d)

where cν
λ,µ(d) is the GW invariant. There are

several algorithms to compute these invariants:

• the quantum Pieri and Giambelli formulae
of A. Bertram [year].

• rim-hook algorithm of A. Bertram - W.
Fulton - I. C.-Fontanine

• the reduction to two-step flag manifolds of
A. Buch - A. Kresch - H. Tamvakis

• the toric tableau approach of A. Postnikov.

• using I. Coskun’s degenerations.
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Vanishing of certain coefficients cν
λ,µ(d; t)

The coefficients for which both d > 0 and |λ|+
|µ| − |ν| −md > 0 are called mixed.

Lemma 1 Let λ, µ, ν be three partitions in-

cluded in p × (m − p) rectangle and let d be

a positive integer. Suppose that |λ| + d2 >

|ν|+ md. Then cν
λ,µ(d; t) = 0.

The lemma implies the vanishing of all mixed

coefficients of the form cν
λ,(1)(d; t).

Proof: d > 0 and cν
λ,(1)(d; t) mixed implies that

|λ|+ d2 > |λ|+ 1 > |ν|+ md.

This implies an equivariant quantum Pieri-

Chevalley formula.
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Equivariant quantum Pieri-Chevalley

formula

Theorem 1 The following formula holds in

QH∗
T (X):

σλ ◦ σ(1) =
∑

µ→λ

σµ + cλ
λ,(1)(t)σλ + qσλ−

where

cλ
λ,(1)(t) =

p∑

i=1

tm−p+i−λi
−

m∑

j=m−p+1

tj.

• here µ → λ means that λ ⊂ µ and |µ| =

|λ|+ 1.

• λ− is obtained from λ by removing m − 1

boxes from its border rim. The last term

is omitted if λ− does not exist.

No mixed terms!
8



Examples of λ−

p = 3, m = 7

λ λ−

λ λ−does not exist.
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An algorithm

In the next result cν
λ,µ(d; t) are just homoge-

neous rational functions (not necessarily poly-

nomials) of degree |λ|+ |µ| − |ν| −md.

Theorem 2 The coefficients cν
λ,µ(d; t) are de-

termined (algorithmically) by:

(a) (multiplication by (0))

cλ
λ,(0)(d; t) =

{
1 if d = 0
0 otherwise

(b) (commutativity) cν
λ,µ(d; t) = cν

µ,λ(d; t)

(c) (special associativity)

σ(1) ◦ (σλ ◦ σµ) = (σ(1) ◦ σλ) ◦ σµ (1)

for any λ 6= µ.
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A recurrence formula

Let

Fν,λ(t) = cν
(1),ν(t)− cλ

(1),λ(t)

Given EQ Pieri-Chevalley the special associa-
tivity equation (1) is equivalent to:

Fν,λ(t)c
ν
λ,µ(d; t) =

( ∑

δ→λ

cν
δ,µ(d; t)−

∑

ν→ζ

c
ζ
λ,µ(d; t)

)

+
(
cν
λ−,µ(d− 1; t)− cν+

λ,µ(d− 1; t)
)

for any partitions λ, µ, ν and any nonnegative
integer d.

• ν+ is the partition obtained from ν by adding
m− 1 boxes to the rim-hook.

This formula, in the equivariant setting, was
used by Knutson-Tao to derive their puzzle for-
mula for cν

λ,µ(t).
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The induction

Recall the formula

Fν,λ(t)c
ν
λ,µ(d; t) =

( ∑

δ→λ

cν
δ,µ(d; t)−

∑

ν→ζ

c
ζ
λ,µ(d; t)

)

+
(
cν
λ−,µ(d− 1; t)− cν+

λ,µ(d− 1; t)
)

for any partitions λ, µ, ν such that λ 6= ν. We

use double induction:

• ascending on d.

• descending on the polynomial degree.

For a fixed d, it remains to investigate the

cases when λ = µ = ν and when cν
λ,µ(d; t) has

the maximum polynomial degree.
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Case λ  ν

In the recurrence formula, the coefficient cν
λ,µ(d; t)

is determined by

• coefficients of smaller degree d.

• coefficients of the same degree d, but with

larger λ.

• coefficients of the same degree d, but with

smaller ν.

This implies that:

Lemma 2 The coefficients cν
λ,µ(d; t) such that

either λ or µ is not included in ν are determined

by those of degree d − 1, or are equal to zero

if d = 0.
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An example

Take X = Gr(2,4). Want to compute c
(2)
(2),(2)(1; t).

The recurrence formula yields

c
(2)
(1),(2)(1; t) =

c
(2)
(2),(2)(1; t) + c

(2)
(1,1),(2)(1; t)

T1 − T2

−
c
(1)
(1),(2)(1; t)

T1 − T2
+ (deg d = 0 terms)

c
(2)
(0),(2)(1; t) =

c
(2)
(1),(2)(1; t)

T1 − T2
−

c
(1)
(0),(2)(1; t)

T1 − T2
+ (deg 0)

• c
(2)
(0),(2)(1; t) = 0 by hypothesis.

• c
(2)
(1,1),(2)(1; t), c

(1)
(1),(2)(1; t) and c

(1)
(0),(2)(1; t)

can be reduced to a combination of terms

of degree d = 0.
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An algorithm for the coefficients cλ
λ,λ(d; t)

Let α ⊂ λ (one should think at α = (0) or

α = (1)). Define a rational function in Q[t],

denoted Rλ,α(t) as follows:

Rλ,α(t) =





∑ ∏l−1
i=0

1
F

λ,α(i)(t)
if λ 6= α

1 if α = λ

In the case λ 6= α, l denotes the nonnegative

integer |λ| − |α|, and the sum is over all chains

of partitions

λ = α(l) → α(l−1) → ... → α(1) → α(0) = α.

Lemma 3

c
λ,d
α,λ = Rλ,α(t)cλ,d

λ,λ + (deg d− 1 terms)

If d = 0 the degree d− 1 part vanishes.
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The case of maximal polynomial degree

Fix d and let cν
λ,µ(d; t) of maximal polynomial

degree. Then λ = µ = (m − p)p (the full rec-

tangle) and ν = (0). The recurrence relation

yields

c
(0)
(m−p)p,(m−p)p(d; t) =

c
(0)
(m−p−1)p−1,µ

(d− 1; t)

F(0),(m−p)p(t)

−
c
(m−p,1p−1)
(m−p)p,µ

(d− 1; t)

F(0),(m−p)p(t)

which shows that the coefficient c
(0)
(m−p)p,(m−p)p(d; t)

is determined by coefficients of degree d − 1,

known by induction on d.
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A consequence of the algorithm

Corollary 4 Let (A, ¦) be a graded, commuta-

tive, associative Z[t][q]−algebra with unit such

that:

1. A has an additive Z[t][q]−basis {tλ} (graded

as usual).

2. The equivariant quantum Pieri holds, i.e.

tλ ¦ t(1) =
∑

µ→λ

tµ + cλ
λ,(1)(t)tλ + qtλ−

where the last term is omitted if λ− does not

exist.

Then A is canonically isomorphic to QH∗
T (X),

as Z[t][q]−algebras.
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Positivity

Theorem 3 The coefficients cν
λ,µ(d; t) are ho-

mogeneous polynomials in Z[t] such that

cν
λ,µ(d; t) ∈ Z>0[t1 − t2, ..., tm−1 − tm].

• Case d = 0 (equivariant coefficients), con-

jectured by D. Peterson, proved by W. Gra-

ham.

• The proof of the positivity is purely geo-

metrical. An interesting question is to de-

rive positivity from the algorithm.
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Further work

All the results generalize to the case G/P . We

have obtained:

• EQ Chevalley - with no mixed terms.

• An algorithm to compute the structure co-

efficients - it is determined by the same

equations (but now one has more divisor

classes - one for each simple root not in

the Weyl group of P ).

• Positivity holds, and it is expressed in terms

of negative simple roots.

19



A consequence in quantum cohomology
of G/P

One gets an algorithm to compute the GW-
invariants for G/P . So far, these coefficients
have been computed using:

• Peterson comparison formula which writes
a coefficient cw

u,v(d) (u, v, w minimal length
representatives for W/WP ) on G/P as a co-
efficient, of possibly different degree, on
G/B.

• polynomial representatives for quantum Schu-
bert classes.

• Quantum Chevalley formula.

(On G/B the (quantum) cohomology is
generated by divisors).

Except for the EQ Chevalley, we don’t use any
of these.

20



Possible directions

• A. Knutson - T.Tao prove that their puz-

zles satisfy the equivariant restriction of

the recurrence formula (X- Grassmannian).

Are there EQ puzzles ?

• Find polynomial representatives for the EQ

Schubert classes. In type A, A. Kirillov pro-

poses some double Schubert polynomials,

but one has to check if they satisfy the EQ

Chevalley formula.
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